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Optimization problems have a number of different formulations

I Unconstrained minimization min
x∈Rn

f (x)

I Constrained minimization min
x∈𝒳

f (x)

∘ A given (simple) feasible set 𝒳 (a ball, an ellipsoid)
∘ Functional constraints min

x

{︁
f1(x) : f2(x) ≤ 0

}︁
I Additive composite minimization min

x
f (x) + 𝜓(x)

I Max-type objectives min
x

{︁
maxmi=1 fi (x)

}︁
I . . .

The Goal: unified Fully Composite formulation for convex
problems

⇒ new efficient general optimization methods of different order
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Optimization Problem

Let x ∈ E, where E is a fixed vector space (Rn, Rn×n, Sn, etc.)

Fully Composite Problem:

min
x∈dom𝜙

{︁
𝜙(x)

def
= F (x , f (x))

}︁
I where f (x) = (f1(x), . . . , fm(x))

T is a vector-function
f : dom f → Rm

each component fi (x) : dom fi → R is differentiable and convex
(the difficult parts of the problem)

I F (x , u) is a simple convex component given by the problem
structure

F : E× Rm → R ∪ {+∞}
Assumption: F is monotone in a second argument:

F (x , u) ≤ F (x , v), ∀u, v ∈ Rm s.t. u ≤ v
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Example: Unconstrained Minimization

Let’s take
F (x , u) ≡ u(1)

Then
𝜙(x) = F (x , f (x)) = f1(x)

⇒ unconstrained minimization of f1(·):
min
x

f1(x)

Let’s take
F (x , u) ≡ 𝜓(x) + u(1),

where 𝜓 : E → R ∪ {+∞} is a proper closed convex function
⇒ (additive) composite optimization:

min
x

f1(x) + 𝜓(x)

[Beck-Teboulle, 2009; Nesterov, 2013]
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Example: Functional Constraints

Let’s take
F (x , u) ≡ u(1) +

m∑︀
i=2

Ind≤0(u
(i)),

where

Ind≤0(t)
def
=

{︃
0, t ≤ 0
+∞, otherwise

Then min
x

{︀
𝜙(x) = F (x , f (x))

}︀
is minimization with functional

constraints:

min
x∈E

{︁
f1(x) : f2(x) ≤ 0, . . . , fm(x) ≤ 0

}︁
[Powell, 1978; Burke, 1985]
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Example: Max-type Problems

Let’s take
F (x , u) ≡ m

max
i=1

u(i)

Then, we have a problem with Max-type objective:

min
x∈E

{︁
𝜙(x) =

m
max
i=1

fi (x)
}︁

Note: 𝜙(x) is nonsmooth while all components fi (·) are smooth
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Taylor’s Approximation

Unconstrained minimization: min
x∈E

f (x)

Fix p ≥ 1. Denote by Ωp(f , x ; y) Taylor’s polynomial of f at x :

f (y) ≈ Ωp(f , x ; y)
def
= f (x) +

p∑︀
i=1

1
i!D

i f (x)[y − x ]i

Assume that p-th derivative is Lipschitz continuous:

‖Dpf (x)− Dpf (y)‖ ≤ Lp‖x − y‖, ∀x , y

I Then we have a global bound for the approximation error:
|f (y)− Ωp(f , x ; y)| ≤ Lp

(p+1)!‖y − x‖p+1, ∀x , y
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Basic Tensor Method

min
x∈E

f (x)

Tensor Method of order p ≥ 1 :

xk+1 = argmin
y

{︁
Ωp(f , xk ; y) +

H
(p+1)!‖y − xk‖p+1

}︁
H > 0 is a regularization parameter

p = 1: The Gradient Method [Cauchy, 1847]

xk+1 = argmin
y

{︁
f (xk) + ⟨∇f (xk), y − xk⟩+ H

2 ‖y − xk‖2
}︁

= xk − 1
H∇f (xk)

p = 2: Newton Method with Cubic Regularization
[Nesterov-Polyak, 2006]

xk+1 = xk −
(︁
∇2f (xk) +

Hrk
2 I

)︁−1
∇f (xk)
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Convergence

min
x∈E

f (x) Tensor Method of order p ≥ 1 :

xk+1 = argmin
y

{︁
Ωp(f , xk ; y) +

H
(p+1)!‖y − xk‖p+1

}︁

H = 0.1

Theorem [Baes, 2009]:
Let H := Lp ⇒ global rate f (xk)− f * ≤ O

(︀
1/kp

)︀
.

I How to solve subproblem?
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Convex Tensor Model

Note: Ωp(f , x ; y) is nonconvex for p ≥ 3.
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I Theorem [Nesterov, 2018]:
Let f (·) be a convex function and H ≥ pLp. Then ∀x the model

M(y) := Ωp(f , x ; y) +
H

(p+1)!‖y − x‖p+1

is convex in y

I For p = 3: efficient implementation using only second-order
oracle is available [Nesterov, 2019]. The cost is 𝒪(n3) + Õ(n).
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Uniformly Convex Functions

f is called uniformly convex of degree q ≥ 2 with 𝜎q > 0, iff

f (y) ≥ f (x) + ⟨∇f (x), y − x⟩+ 𝜎q

q ‖y − x‖q, ∀x , y

I Strongly convex functions: q = 2
I Example: f (x) = 1

q‖x − x0‖q is uniformly convex of degree q

with constant 𝜎q = 22−q

I Sum of convex and uniformly convex functions gives uniformly
convex
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Global Lower Model

Fix p ≥ 1.
I Let Dpf be Lipschitz continuous
I Let f be uniformly convex of degree q = p + 1

Theorem. We have a global lower bound, ∀x , y :

f (y) ≥ f (x) + ⟨∇f (x), y − x⟩

+
p∑︀

i=2

𝛾 i−1

i! D i f (x)[y − x ]i +
𝛾ppLp
(p+1)!‖y − x‖p+1

where 𝛾 ≥ 1
2 min{1, p!

p+1
𝜎p+1
Lp

} is a condition number.

Recall the global upper model :

f (y) ≤ f (x) + ⟨∇f (x), y − x⟩+
p∑︀

i=2

1
i!D

i f (x)[y − x ]i +
Lp‖y−x‖p+1

(p+1)!
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Basic Fully Composite Method

FC Problem: min
x

{︁
𝜙(x) = F (x , f (x))

}︁
where

f (x) = [ f1(x), . . . , fm(x) ]
T

denote the directional derivatives of f by

D i f (x)[h]i
def
=

[︀
D i f1(x)[h]

i , . . . ,D i fm(x)[h]
i
]︀T
, ∀h ∈ E

Assume:
I Dpfi are Lipschitz continuous
I fi are uniformly convex of degree p + 1

Basic Method of order p ≥ 1:

xk+1 = argmin
y

F
(︀
y ,Ωp(f , xk ; y) +

H
(p+1)!‖y − xk‖p+1)︀, k ≥ 0

Set H := p[Lp(f1), . . . , Lp(fm)]
T
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Rate of Convergence

Theorem. 𝜙(xk+1)− 𝜙* ≤ (1− 𝛾)
(︀
𝜙(xk)− 𝜙*)︀

Proof:

𝛾𝜙* + (1− 𝛾)𝜙(xk)

convex
≥ F

(︀
𝛾x* + (1− 𝛾)xk , 𝛾f (x

*) + (1− 𝛾)f (xk)
)︀

lower
≥ F

(︁
𝛾x* + (1− 𝛾)xk , f (xk) +

k∑︀
i=1

𝛾 i

i! D
i f (xk)[x

* − xk ]
i

+
𝛾ppLp‖x*−xk‖p+1

(p+1)!

)︁

Denote y := xk + 𝛾(x* − xk). Then y − xk = 𝛾(x* − xk)
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Proof: continue

We have

𝛾𝜙* + (1− 𝛾)𝜙(xk)

≥ F
(︁
y , f (xk) +

k∑︀
i=1

1
i!D

i f (xk)[y − xk ]
i +

pLp‖y−xk‖p+1

(p+1)!

)︁
method
≥ F

(︁
xk+1, f (xk) +

k∑︀
i=1

1
i!D

i f (xk)[xk+1 − xk ]
i +

pLp‖xk+1−xk‖p+1

(p+1)!

)︁
upper
≥ F

(︀
xk+1, f (xk+1)

)︀
= 𝜙(xk+1)

Hence,
𝜙(xk+1)− 𝜙* ≤ (1− 𝛾)

(︀
𝜙(xk)− 𝜙*)︀.

15 / 23



Example: Functional Constraints

Problem: min
x

{︁
f1(x) : f2(x) ≤ 0

}︁
I p = 1

Method step:

x+ = argmin
y

{︁
f1(x̄) + ⟨∇f1(x̄), y − x̄⟩+ H1

2 ‖y − x̄‖2

: f2(x̄) + ⟨∇f2(x̄), y − x̄⟩+ H2
2 ‖y − x̄‖2 ≤ 0

}︁
[Auslender-Shefi-Teboulle, 2010]

I f1 and f2 are strongly convex and have Lipschitz gradient

⇒ the method has global linear convergence

The step is x+ = x − 1
𝜆1H1+𝜆2H2

(︀
𝜆1∇f1(x) + 𝜆2∇f2(x)

)︀
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Second-order Method for Functional Constraints

Problem: min
x

{︁
f1(x) : f2(x) ≤ 0

}︁
I p = 2

Method step:

x+ = argmin
y

{︁
f1(x̄) + ⟨∇f1(x̄), y − x̄⟩+ 1

2∇
2f1(x̄)[y − x̄ ]2 + H1

6 ‖y − x̄‖3

: f2(x̄) + ⟨∇f2(x̄), y − x̄⟩+ 1
2∇

2f (x̄)[y − x̄ ]2 + H2
6 ‖y − x̄‖3 ≤ 0

}︁
I Global linear rate for uniformly convex functions with Lipschitz

Hessian

The step is x+ = x −M−1(︀𝜆1∇f1(x̄) + 𝜆2∇f2(x̄)
)︀
,

with M = 𝜆1∇2f1(x̄) + 𝜆2f2(x̄) + 𝜏 I
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General Regularization

What if objective is not uniformly convex?

I We can do regularization

Initial problem: min
x
𝜙(x) = F (x , f (x))

Regularized problem: min
x
𝜙𝜇(x) = F (x , f (x) + 𝜇

p+1‖x‖
p+1)

Set
𝜇 ≈ 𝛿2

where 𝛿 is the target relative accuracy:

𝜙(x̄)− 𝜙* ≤ 𝛿(𝜙(x0)− 𝜙*)

I The method of order p ≥ 1 needs Õ
(︀
(1
𝛿 )

2
p
)︀
iterations
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Subgomogeneous Functions

g : dom g → R is called subhomogeneous iff

g(tx) ≤ tg(x), ∀t ≥ 1

I g(x) =
m

max
i=1

x (i) is subhomogeneous

I g(x) = ln
(︁∑︀m

i=1 exp x
(i)
)︁
is subhomogeneous

Assume that F (x , u) is subhomogeneous in u

Note: this with monotonicity and 0 ∈ int domF (x , ·) implies that
domF (x , ·) = Rm
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Subgomogeneous Problem

Problem: min
x
𝜙(x) = F (x , f (x))

I F (x , ·) is subhomogeneous and monotone

(e.g. 𝜙(x) =
m

max
i=1

fi (x))

Basic Gradient Method:

xk+1 = argmin
y

{︁
F
(︀
xk , f (xk) + ⟨∇f (xk), y − xk⟩

)︀
+ H

2 ‖y − xk‖2
}︁

[Burke, 1985; Cartis-Gould-Toint, 2011; Lewis-Wright, 2016]

Theorem. Global convergence: 𝜙(xk)− 𝜙* ≤ O(1/k)

20 / 23



Contracting Conditional Gradient Method

Problem: min
x∈dom𝜙

𝜙(x) = F (x , f (x))

I F (x , ·) is subhomogeneous and monotone
I Q := dom𝜙 is bounded

Contracting Conditional Gradient Method:

xk+1 = argmin
y

{︁
F
(︀
y , f (xk) + ⟨∇f (xk), y − xk⟩

)︀
: xk +

1
𝛾k
(y − xk) ∈ Q

}︁
[Frank-Wolfe, 1956]

Theorem. Set 𝛾k := 2
k+2 . Then: 𝜙(xk)− 𝜙* ≤ O(1/k)
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Acceleration

Problem: min
x
𝜙(x) = F (x , f (x))

I F (x , ·) is subhomogeneous and monotone

Fast Gradient Method:

yk = ak+1vk+Akxk
Ak+1

xk+1 = argmin
y

{︁
F
(︀
y , f (yk) + ⟨∇f (yk), y − yk⟩

)︀
+ H

2 ‖y − yk‖2
}︁

vk+1 = xk+1 +
Ak
ak+1

(xk+1 − xk)

[Nesterov, 1983]

Theorem. Set ak = k2,Ak =
k∑︀

i=1
ai . Then 𝜙(xk)− 𝜙* ≤ O(1/k2)
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Conclusions
I Fully Composite formulation 𝜙(x) = F (x , f (x)) → min

x

∘ includes functional constraints
∘ max-type minimization

I High-order (p ≥ 1) methods

I Global linear rate when the components are uniformly convex

I Subgomogeneous assumption ⇒ more efficient methods

Thank you for your attention!
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