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Optimization Problem

min %)

where f: R" — R is differentiable and “smooth”; can be non-convex
» The goal: to analyze second-order methods

1. To have global convergence (from an arbitrary initialization) with fast rates
2. To be able approximate the Hessians: Hj =~ V2f{x)

" Gradient-Normalized Smoothness for Optimization with Approximate Hessians."
Andrii Semenov, Martin Jaggi, Nikita Doikov. ICLR 2026




The Result
Algorithm. Choose xg € R". lIterate, for kK > 0:

-1
Xkr1 = Xk — (Hk—l— 7ny(:k)” I) V {(xk)-

> H, = HZ > 0 is an approximation of the Hessian: Hj ~ V?f{x)

» NB: for non-convex functions, we might have V2f(x,) # 0
Examples:

» Hi:=V2f(xx) = Newton's method with gradient regularization

» Hj:=0 (also a valid choice!) = xk11 = xx— fyk%

» Fisher and Gauss-Newton approximations

1 T 2 2
Hk = NZVﬁ(Xk)Vf,‘(Xk) ~ \V4 f(Xk)
i=1

Our work: we show a universal (problem-class-free) choice of ~x := vAx)
» We call 74-) the Gradient-Normalized Smoothness of the objective
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Cubic Regularization of Newton’s Method

> Assume that the Hessian is Lipschitz: ||[V2f(x) — V2f(y)|| < L||x— y||
» Global second-order upper model of the objective, for H > L:

fly) < Qlxy)+ 2ly—x?

where Q2(x; y) = f{x) + (VAX),y — x) + 5(V2Ax)(y — x),y — x)
Cubic Newton. lterate, for kK > 0:

Xer1 = argmin| Qo(xxy) + %’Hy— x|
yeR"

[Griewank, 1981; Nesterov-Polyak, 2006; Cartis-Gould-Toint, 2011]




Cubic Newton: Theory

Xkp1 = argmin {Qz(xk;y) + %Hy— xi |3
yeR"

Theorem. Let H:= L (the Lipschitz constant of the Hessian). Then to find
IV f(xk)|| < e the method needs

— 1
k = o(2)
iterations (second-order oracle calls) [Nesterov-Polyak, 2006]

» For the gradient method, we assume that the gradient is Lipschitz
» The complexity is: O(g%)



Gradient Regularization

» Cubic Newton step:
xt = argmin{ Q(xy) + Elly— 3 }
yERd

= x — (V2f(x) + grl>_1Vf(x),

where ris the solution of a dual problem. We have r= ||xt — x||.
» Let fbe convex. Then,

H||V
= o < BIVAL = </

Gradient Regularization. [Ueda-Yamashita, 2014; Mishchenko, 2021; D-Nesterov, 2021]:

xt = x— (sz(x) + 4/ 7H||V2f(x)” 1)71Vf(x)

+ one linear system

+ fast global rates as for the Cubic Newton

— requires V2f(x) = 0 (see [Gratton-Jerad-Toint, 2023] for employing negative
curvature)



Quasi-Self-Concordant Functions
» Global norm: ||ul| := (u, u)'/?
Functions with Lipschitz Hessian:
V3RX)[u,u,u] < L3, Vx, u
» Local norm: |ux := (V2Ax)u, u)*/?

Assume that fis quasi-self-concordant with constant M > O:

VA u vl < MlulElvl, Yo, v

» Combination of the Lipschitzness and classic Self-Concordance

[Nesterov-Nemirovski, 1994]
[Bach, 2010]
[Sun—Tran-Dinh, 2019; Karimireddy—Stich—Jaggi, 2018]



Examples

VE)u,u ) < Mlul I

Example 0: fis quadratic. Then
Example 1: f{x) = €. Then
Example 2: f{x) = In(1+ €¥). Then
Example 3: (Generalized Linear Models):
= 3

and £ : R — R is quasi-SC loss function = f(x) is quasi-SC.
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Global Linear Convergence

X1 = xk— (V2x) + 5k/)7IVf(Xk)

Theorem. Set

Bi = M|V x|l
Then, we have the global linear rate:
) — < eXP(-%) (fixo) — ) + eXP(-%)goDv
where D := max{||x — x*|| : x) < f{xo)}.
MDIn g) to find flxg) — £ < ¢ D, 2025]

= the global complexity: O

/N

NB: compare with
» The gradient method: O(L1D2)

3

» The cubic Newton: O( L2D3)
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Inexact Hessians

We want to use Hy ~ V?f(x)

» Inexactness condition:
IV2ixi) = Hell < G+ G VAx)[P
where (4 >0, (b >0and 0< <1
» For Hy =0, this condition was called (Lo, L;)-smoothness in machine learning
[Zhang-He-Sra-Jadbabaie, 2020]

[Gorbunov-Tupitsa-Choudhury-Aliev-Richtarik-Horvath-Takag, 2025]
[Vankov-Rodomanov-Nedich-Sankar-Stich, 2025]

1. How to analyze inexact Hessians?
2. Which problem class to choose? ( Lipschitz Hessian, QSC, (Lo, L1)-functions, ... )

Our work: a universal problem-class-free analysis of inexact second-order methods

= Gradient-Normalized Smoothness
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Definition: Gradient-Normalized Smoothness

The goal:
VAix+h) =~ VAx)+ H(x)h,
where H(x) ~ V?f(x) is symmetric positive-definite
Fix x€ R" and g € R" (e.g. g= Vf(x)). Denote:
» Euclidean ball: B, :={h : ||h]| <~}
» Local region: Oy = {||h|?>+ (g, h) < 0}

» This is an ellipsoid centered around Newton's direction:
Oc = {h: Ih+392M00 %2 < Flel2.}
Main Condition: for all h € B, N Oy
[VAx+h) = VAx) = Hhl| < BEEEEL ()

Definition. The Gradient-Normalized Smoothness is the maximal v > 0

7 = x8)
such that (*) holds. Denote yAx) := A x, VA(x))
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Well-definedness

[Vl ) = VAx) — Hom| < ISRILIL o)

» Denote:

o) =, min {IVAx+ )~ VA — HoAI~ - VA - I}, 70

» Condition (*) means that v < p(7)
» p(-) is monotonically decreasing in

p

4

: p(7)
v (z)

0

0 4 Yy

» 4 x) is the solution of the non-linear equation: v* = p(v*)



Basic Properties

1. Scale-Invariance. Let ¢(x) := c- f(x), for some ¢ > 0. Then,
’74,0(X) = A
2. Affine-Substitution. Let p(x) = {Ax+ b). Then,

Yo(x) = - AT

N
3. Sum of Functions. Let f{x) = > fi(x). Then,
i=1

x 8 = (fjw(x,g)‘l)il

i=1
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Examples (Exact Hessian)

1. Lipschitz gradient: ||[V2f(x)|| < L. Then

VAx
g > Lol

2. Lipschitz Hessian: ||[V2f(x)|| < L. Then

Y(x) > /2||VZ(X)||

3. Quasi-Self-Concordant Functions, M > 0. Then

W) =

N
» Now, we can sum up functions! f(x) = > fi(x)
i=1
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Global Convergence
Algorithm. lterate, k> 0:
1
Xkb1 = Xk — (Hk+ W’) Vf(xk)
Main Lemma. Let 0 < v, < v xx). Then,

x 2
o) = B O

» Convergence result (non-convex functions):

Theorem. Assume (x) holds. Denote 7, := Ogi<nN7,- > 0. Then, to find a solution:
_I_

|VAxk)|| < e, itis enough to perform

ko= MeP) o Vel o( )

€ V«E
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Examples

General complexity result:

K = o)

iterations to get € > 0 accuracy.

» Lipschitz gradient:
YHx) > ” 2LX)” > 5 = Y=

I\J

L

and we get: K= O(é) (the same as for the gradient method)
» Lipschitz Hessian:

and we get K= O( 3/2> (the same as for the Cubic Newton)
> ...

» Even better complexities for convex functions
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The Choices of Gamma
» The Gradient Normalized Smoothness A xx) is the best local step size:
Xer1 = xk— (He+ W)_lvﬂxk)y Vi = YA xk)

» How to choose it?
Theory choice: vk := v xx) — infeasible in practice
2. Constant choice: g := 4 for all k>0

where
= i) VA > <)

[y

» ~, > 0 is one constant for all iterates
3. Adaptive search: all we need is the following progress

X 2
o0 o) 2 3 T

» This is the condition on !
16



Adaptive Method with Approximate Hessians

Init: Choose xp € R" and ~y > 0.
Iteration, k> 0O:
1. Choose Hy = HZ =0

1

2. Find the smallest t, > 0 s.t. for v := 577« and for

-1
X = xe— [+ W0 )

it holds V)12
) = ") 2 3oar

1
3. Set x, 1 = x", and Yiy1 = 51 Yk

» Automatically achieves the best complexity [D-Mishchenko-Nesterov, 2024]

» Works for non-convex functions

> i = YA xk)
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Inexact Hessian
So far, we saw bounds for v x) for the exact Hessian. Typically
wx) > MRIE - o<a <

or combinations of those.
» o =1 — Lipschitz gradient (first-order methods; sublinear rate)
» o = 0 — Quasi-Self-Concordance (global linear rate)

Assume that ||[V2f{xx) — H|| < G + G| VAX)||1FP, for 0<B<1

Then, the Gradient Normalized Smoothness 74-) for inexact Hessian is bounded as:

—1
_ M C C
W) > (el + i + )

» We want ¢; —» 0 and

18



Global Convergence Diagram

wol— DO [— —

(e

Degree of Gradient-Normalized Smoothness, «

Degree of Hessian Inexactness, 3

19



Logistic Regression
The Problem N
min[f(x) = LS 0((anx) — by)
i=1

xeR"

where £(t) = In(1 + e') — Quasi-Self-Concordant loss.
» Exact Newton with gradient regularization: Hyx = V?f{(x), global linear rate.

O(MDIn %) iterations to solve the problem

N
> Fisher Approximation: Hy = & > V() Vfi(xk) "
i=1

Lemma. ||[V2f{xk) — Hi|| < f* + D||VAx)||

= The global complexity: O([/\//D+ D? + ?] In %)

» Global linear rate when f* ~ 0 (overparametrized data)

20



Nonlinear Equations

Non-convex Problem:

— 1 P
min| ) = GGl p=2

where u: R" — R be a nonlinear operator.
» Consider the matrix:

Hi = HU(Xk)Hp_2VU(Xk)TVU(Xk)+||u(x)Hpr(Xk)Vf(Xk)T = 0

» p = 2: this is the standard Gauss-Newton approximation
Lemma. Let Vu(xx)Vu(xk)" = pl (i.e. n>> d) and [|[V2u(x)|| < & Then

IV2fa) = Hill < SIVAx)|

» Gauss-Newton method (with the gradient regularization) has the same rate as
Cubic Newton!

21



Experiment: Powered Norm and Fisher Approximation
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Conclusions

Modern applications: non-standard smoothness conditions

The same function can belong to several problem classes simultaneously

Universal algorithms: automatically adapt to the local “degree of smoothness”

Gradient Normalized Smoothness 4 x): an attempt to formalize this

Gradient Regularization of the Newton method:

-1
Xkr1 = Xk—<Hk+ W/) VAxk), e = YAXK)

We do not need very exact Hessians Hy ~ V2f{(x)
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Open Questions

» Instead of the full Fisher approximation:
1 T
He = § Zl V fi(x1) Vi(xi)
=
to analyze the dynamic low-rank version:
m
He = L5 VA ) Viila—i) "
i=1
Natural Gradient Descent [Frantar-Kurtic-Alistarh, 2021]
[Martens, 2020]
[Kunstner-Hennig-Balles, 2019]
» Stochastic gradients

» Accelerated second-order methods
» Application domains

Thank you for your attention!
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