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Optimization Problem

min f{x
XEIRdf( )

where fis a convex quadratic function with regularization, for p > 2:

fix) = 3(Axx) —(bx) + 3[xP

» A= AT > 0is the main component, denote L := Apnax(A)
> becRY
» Regularization parameter s > 0

» Euclidean norm: ||x|| := (x, x)1/2



Motivational Example: Regularized Newton’s Method

A convex problem:

in F
min (v)

> Taylor's approximation: F(y; + h) ~ F(yz) + (VF(yz), h) + 3 (VZF(y¢)h, h)
> Step of the Newton method with regularization, for some M > 0:

Y1 = Vet ar;g%nn[ (VF(ye), ) + S (V2F(ye) b, ) + 4 b1 |
e n
= y»+ argmin[%<Ah, h) — (b, x) + iHhHP}
heR"

where A := V2F(y;) = 0 and b:= —Vf(y;). We set s:= M

Interesting cases:

» p = 3: Cubic Regularization of Newton's Method [Nesterov-Polyak, 2006]
> 2 < p < 3: Second-order methods for Holder Hessian [Grapiglia-Nesterov, 2017]
» p=4: Quartic Regularization [Nesterov, 2021]

> ...



Motivational Example: Regularized Regression

> X e R"™is a given data matrix
> yc R"is a set of observations
» Linear Regression Problem:

min,[| Xw — ylIZ + Mw|P
Fits our framework since

FIXw—yl? = FIXwl? + 3llylI? = (Xw,y)

> Set A:=X'X
> Set b:= X"y



Example: A Neural Network (LSTM)

» Classic assumptions: fis convex and smooth: V¥x: [[V2f(x)|| < L1 might not hold

in practice
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[Zhang-He-Sra-Jadbabaie, 2020]



Recent Trend in ML and Optimization: Non-Standard Smoothness

1. Relative Smoothness: [Bauschke-Bolte-Teboulle, 2016; Lu-Freund-Nesterov, 2018]
V2flx) < BV2d(x)
2. (Lo, L1)-Functions: [Zhang-He-Sra-Jadbabaie, 2020]
IVl < Lo+ Lif|VAX)||
3. Functions with bounded Global Curvature [Nesterov, 2025]
4. ..

Our objective: | f{x) = (Ax,x) — (b,x) + 2 lIx[1”

» The gradient:
VAx) = Ax— b+ s||x||P~2x

» The Hessian:
VAx) = A+s|xIP21+s(p—2)[IxIP~*xx" = (L+s(p—1)[xIP~2)/

» The simplest non-trivial example of a function with unbounded Hessian



How We Can Solve It?

>
>

fix) = 3(Axx) —(bx) + 5[x?

"Set gradient to zero": VAx*) = 0.
Nonlinear equation:

Ax* + s||x*||P2x* = b

. First, we need to find r = ||x*|| by solving the univariate equation

ro= |(A+sP ) |
. Then, set .
x = (A+s2) b
Large-scale alternative: gradient methods! Eg., ‘ka = X — an(xk)‘




Uniform Convexity

We say that fis uniformly convex if
fy) = fx)+(VAX),y—x + Zlly—x°
» For our objective: ¢ := 2‘,%25

Bounds on the functional residual:

> ) — £ > 2 x— xP (= solution x* is unique)

> ) — £ < EL ()7 | VA



Gradient Methods

) = 3Axx) —(b.X+5xP — min

» Composite gradient method. Represent f{x) = q(x) + 1(x), where
ax) = FAxx) —(bx), ¥ = [«
Iterate, for k> O:

Xep1 = argmin| (Vg(xi), x — xi) + 5[x = xil|? + 1(x)
xeRd

L 1
T e Xk — Toare =2 X
TP 6~ Trsmalr? ¥ 90

» Basic gradient method:
: 1
Xk+1 = Xk — UVf(Xk), n = L+s(p—1)2p—2|[x*[|P—2




The Rates for Gradient Methods

» Basic rate:

2(p—1)

fix) — i) = ZIVAxIP > c- () — ) 7
Denoting Fy := f{xx) — f*, we get

This gives the rate:

» Acceleration (Composite Fast Gradient Method):

- o))

[Roulet-d’Aspremont, 2017; Nesterov, 2022]



Definition of Optimization Algorithm

Complexity theory of optimization [Nemirovski-Yudin, 1983]

» First-order black-box oracle: Zdx) := {f(x), VAx)}
» Any first-order method:

Xpr1 = I\/Ik(If(Xg), Idx1), ., If(xk)), k>0

Optimization algorithm M & sequence of mappings (Mo, My, M. . ..)

» What is the best possible rate of first-order methods on this problem?
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Main Result: Lower Complexity Bound

> let p>2,5s>2, and L > 0 be fixed.

Theorem. For any first-order method running for K < % iterations, there is a

function f of the form
x) = 3{Axx) = (b,x) + 2[Ix|?
with Amax(A) = L such that

_P_

00— 2 2[zw] )

» FGM is optimal on this problem
» Proof technique is based on

“Information-Based Complexity of Convex Programming.”

Arkadi S. Nemirovski.

(Lecture Notes), 1995




Proof Technique: Krylov Subspaces

Define:
> A, = A+ s||x||P21
» Then x* = A;'b
» Krylov subspaces, for every k > 1:
gl = span{b, Ab, ... | Afflb} - span{b, Ab, ..., A"*lb}
Facts:
L &(f) c&a(h) C... &

2. 1If 5k(f) = 5k+1(f) then 5k+1(f) = gk+2(f) =...
3. Therefore:

E(f) C & c ... C & = &Ema(h) =

4. Cayley-Hamilton theorem: x* = A;lb =cb+ ctAb+ ...+ cd,lAfflb for some
€,C1,...,Cd

5. Hence:
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Problem Parametrization

Let
A = UANUT,
where UUT = [ is orthogonal b-invariant matrix: Ub = b
Fix:
> r>0

d
> reNgi={xeRL : Y XD =1}
i=1

Define:

b = r(/\+sn°*2/)\/7r e R

Lemma. x* = rU,/m. Consequently, ||x*|| =r.

Corollary. For any r > 0 there exists a problem such that ||x*|| = r.
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Main Lemma

Fixed parameters:

> p>2ands>0

> L>XAg>... >N >0
> r>0and m € Ay

> We have, £ = #nonzeros in vector 1 =  we can assume

Lemma. For any method performing K < g iterations, there exists an orthogonal
b-invariant matrix U such that

X € Szk(f), 0<k<K

Corollary.

Xk = cob+ cAb+ C2A3b+ oot C2kA3kb = q(A*)b, q € Pox
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Bound for the Distance to the Solution

We obtain: )
[[xi — x|

where A7 = \; + sP2 ¢ [tsy Ly,

i A)b — x, ||
qrg,,;gKHq( b — x|

i ANA, — 1] x*|2
qrg%gKH[q( A, — ] X

i ANA, — | 2
min [|{g(A)A — ] Urv/r]

d
2. min il — Xrg(Ar 2
i, 5]

= sr2
= L+sr2
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Chebyshev Polynomials Bound

» The worse instance: there exist \; and

7; such that

xk =X > min max |1—tq(t)] = min max |u(t)] = ©
b= = min max [I-ta(d)] =  min  max lu(n] = ©(Q)
s.t.u(0)=1
» The solution is achieved for
Qutl-2t
Uea(8) = O(Q) Taren (),

where Q, = L.
1223

» Main fact:

lIxk — x*|| > rexp(—

and Tox41(+) is the Chebyshev polynomial (of the first kind)

8K
Q-1
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Lower Bound

2
» Assume Q, = /5—* = Ltff_p > 2. Then,

Ixk —x*|| > rexp(—\/%) > rexp( 16K/ 52~ 2)

» Using uniform convexity, we have

fixk) =~ > pszf2||XK—X*Hp > P 2rpexp< 16pK

» ris arbitrary! Set

1
._ L \r2
ro-= (35K2>

which gives the desired lower bound:

o= = (54l
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Practical Run

Lowest residual for construction

—— Krylov subspace solver
—e— (Gradient method

10! 10?
Maximum number of iterations N
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Random Instances
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Number of iterations k

—— Krylov subspace solver

10%

10% 10*

Gradient method
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Conclusions

> flx) = 3(Ax,x) — (b,x) + 2lIx[|"is a natural step beyond classic problem classes
» Interpolates between convex (s = 0) and strongly convex (p = 2,0 > 0) functions
» Acceleration due to uniform convexity p > 2: the optimal rate is

o)~ = [zh=]"7)
E.g. for p= 3 this gives O(1/K®) and for p = 4 this is O(1/K*)
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Thank you for your attention!
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