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Introduction: Non-convex Optimization

min
x

f (x), x ∈ Rn

f is differentiable, can be non-convex

The Gradient Method. Iterate, for k ≥ 0:

xk+1 := xk − 𝛼∇f (xk), for some 𝛼 > 0

Let the gradient be Lipschitz: ‖∇f (y)−∇f (x)‖ ≤ L1‖y − x‖.
Set 𝛼 := 1/L1 Then

f (xk)− f (xk+1) ≥ 1
2L1

‖∇f (xk)‖2 ≥ 1
2L1

𝜀2

⇒ telescoping this bound, we obtain the complexity:

K = 2L1(f (x0)−f ⋆)
𝜀2

to find ‖∇f (x̄K )‖ ≤ 𝜀.
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Cubic Regularization of Newton’s Method

Let the Hessian be Lipschitz: ‖∇2f (x)−∇2f (y)‖ ≤ L2‖x − y‖
⇒ global upper model of the objective, for H ≥ L2:

f (y) ≤ Ω2(x ; y) +
H
6 ‖y − x‖3, ∀x , y ∈ Rn

where Ω2(x ; y) := f (x)+ ⟨∇f (x), y − x⟩+ 1
2⟨∇

2f (x)(y − x), y − x⟩
Cubic Newton. Iterate, for k ≥ 0:

xk+1 := argmin
y∈Rn

[︁
Ω2(xk ; y) +

H
6 ‖y − xk‖3

]︁
[Griewank, 1981; Nesterov-Polyak, 2006; Cartis-Gould-Toint, 2011]

H = 0.1
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Cubic Newton: Analysis

xk+1 := argmin
y∈Rn

[︁
Ω2(xk ; y) +

H
6 ‖y − xk‖3

]︁
Main Lemma. Let H := L2. Then

f (xk)− f (xk+1) ≥ 1
12

√
L2
‖∇f (xk+1)‖3/2 ≥ 1

12
√
L2
𝜀3/2

⇒ telescoping this bound, we obtain the complexity:

K = 12
√
L2(f (x0)−f ⋆)

𝜀3/2

iterations to find ‖∇f (x̄k)‖ ≤ 𝜀.

NB: for the Gradient Method we have K = 2L1(f (x0)−f ⋆)
𝜀2

▶ Price: more expensive steps. 𝒪(n3) arithmetic operations to
solve the subproblem
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Coordinate Subspace Model

▶ Fix subset of coordinates: S ⊂ {1, . . . , n}
▶ For any y ∈ Rn and A ∈ Rn×n, denote by

y[S] ∈ Rn, A[S] ∈ Rn×n

the vector/matrix with zeroed i /∈ S

Cubic subspace second-order model. For any h ∈ Rn:

mx ,S(h)
def
= f (x) + ⟨∇f (x), h[S]⟩+ 1

2⟨∇
2f (x)h[S], h[S]⟩+ H

6 ‖h[S]‖
3

= f (x) + ⟨∇f (x)[S], h⟩+ 1
2⟨∇

2f (x)[S]h, h⟩+ H
6 ‖h[S]‖

3

▶ By smoothness, for a sufficiently large H ≥ L2, we have:
f (x + h) ≤ mx ,S(h), ∀x , h ∈ Rn

⇒ at iteration k ≥ 0, we compute next step as:

xk+1 = xk + argmin
h

mxk ,S(h)

= xk −
(︁
∇2f (xk)[S] + 𝛽k I

)︁−1
∇f (xk)[S] for 𝛽k > 0
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Stochastic Subspace Cubic Newton

Init: x0 ∈ Rn and subspace size 1 ≤ 𝜏 ≤ n

Iteration, k ≥ 0:
1. Sample Sk ⊂ {1, . . . , n} of size |Sk | = 𝜏

2. Estimate regularization parameter Hk

3. Compute Subspace Cubic Step:
xk+1 = xk + argminh mxk ,Sk (h)

= xk + argmin
h

{︁
⟨∇f (xk)[Sk ]h, h⟩+

1
2⟨∇

2f (xk)[Sk ]h, h⟩+
Hk
6 ‖h‖3

}︁
▶ The cost of solving the subproblem is 𝒪(𝜏 3)

▶ Very efficient for small 𝜏 ≪ n

[D-Richtárik, 2018; Cartis-Scheinberg, 2018;
Hanzely-D-Richtárik-Nesterov, 2020; Hanzely, 2024]
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New Result: Global Convergence

Lemma. For any x ∈ Rn and |S | = 𝜏 , we have

E‖∇f (x)[S] −∇f (x)‖ ≤
√︀

1 − 𝜏
n ‖∇f (x)‖

E‖∇2f (x)[S] −∇2f (x)‖ ≤
√︁

1 − 𝜏 (𝜏−1)
n(n−1) ‖∇

2f (x)‖F

▶ The error → 0 with 𝜏 → n

Theorem. To reach E
[︀
‖∇f (xK )‖

]︀
≤ 𝜀 it is enough to perform

K = 𝒪
(︁[︀

n
𝜏

]︀3/2√
L2(f (x0)−f ⋆)

𝜀3/2 + n1/2(︀1 − 𝜏 (𝜏−1)
n(n−1)

)︀1/2[︀ n
𝜏

]︀2 L1(f (x0)−f ⋆)
𝜀2

)︁

▶ 𝜏 = n: Full Cubic Newton
▶ 𝜏 = 1: Coordinate Descent
▶ Arithmetic complexity of each iteration is 𝒪(𝜏 3)

7 / 10



Experiment: Logistic Regression
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▶ the best: Stochastic Subspace Cubic Newton with 𝜏 = 100
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New Result: Adaptive Sampling

▶ Idea: at iteration k ≥ 0 sample different number of
coordinates 𝜏(Sk)

Theorem. Set

𝜏(Sk) = n ·max
{︁

1 − 𝛿−2‖xk−xk−1‖2

‖∇f (xk )‖2 ,

√︂
1 − 𝛿−2‖xk−xk−1‖

‖∇2f (xk )‖2
F

}︁
Then, with probability at least 1 − 𝛿 we have

max
{︁
‖∇f (x̄K )‖3/2, [−𝜆min(∇2f (x))]3

}︁
≤ 𝒪

(︁
1
K

)︁

▶ Convergence to a second-order stationary point
▶ It can be 𝜏(Sk) ≪ n
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Conclusions

▶ Cubic regularization ⇒ global convergence for Newton’s
method

▶ Stochastic subspaces significantly reduce the arithmetic cost

𝒪(n3) ↦→ 𝒪(𝜏 3)

▶ We show that Stochastic Subspace Cubic Newton possesses

∘ fast global rates for non-convex optimization

∘ convergence to a second-order stationary point under adaptive
sampling

∘ good practical performance

Thank you for your attention!
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