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Optimization problem

min f(x), x € R”

X

f is differentiable, can be non-convex

The Gradient Method. lterate, for kK > 0:

Xk+1 = xk —axVf(xx), forsome ay >0

+ Cheap iterations:  O(n)
+ Easy to analyse
+ Global convergence

— Slow rate
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Gradient Method: Convergence

Let the gradient be Lipschitz: [|[Vf(x) — Vf(y)|| < Li||x — y]|
We have global upper model of the function:
FOur1) < FO) + (VF0R) X1 — xe) + 3w — il
= (%) — alVF(x)I + S V()
Main Proposition. Let ay :=1/L;. Then,
F) — Forn) > AEIVAa)? > e

= telescoping this bound, we obtain the complexity:

K = 2L(io)-f)

to find | VF(%x)| < e.
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The Gradient Method: Trajectory

Xk+1 = Xk—Oszf(Xk)

¥ o

< s
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4/30



Newton’s Method

in
i )

The Hessian V2f(x) € R"*" is the second-order information about
the objective,

.. 2£(x L.
V()]0 = 20 1<ij<n

A full quadratic model of the objective, f(y) ~ Qa(x;y), where

E )+ (VF(x),y — x) + LV — %),y — x).

Qo(x;y)

Newton’s Method. lterate, for k > 0:

Xk+1 = argmin Qo(xk;y)
yeR”n

= xk — V2 (x) T V(%)

[Newton, 1669; Raphson, 1690; Fine-Bennett, 1916; Kantorovich, 1948]
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Newton’s Method: Trajectory

Xk41 = xk—sz(xk)_1Vf(xk)

169@
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Newton’s Method: Analysis

Xka1 = xk — V2F(x) TV (xk)

— Expensive iterations:  O(n?)
— More difficult to analyse

+ Fast local convergence:

O(log log %)

iterations to find an e-solution, when in the neighbourhood of
the optimum

» Global convergence — 7
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Newton’s Method: Global Behaviour

Lnellg{f(x) = Iog(1+exp(x))—§x+%x2}, p o= 1072

» The objective is smooth and strongly convex; x* = 0.

Objective Derivative
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The method oscillates between two points!
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Cubic Regularization of Newton’'s Method
Let the Hessian be Lipschitz: ||V2f(x) — V2f(y)| < La|lx — y/||
= global upper model of the objective, for H > L,:
fly) < Qlay)+glly—xIP.  VxyeR"
where Qo(x; y) 1= f(x) + (VF(x),y —x) + 2(V2F(x)(y — x), ¥ — X)
Cubic Newton. lterate, for k > 0:

Xkir1 = argmin Qg(xk;y)-i-%HY—ka
yeR?

[Griewank, 1981; Nesterov-Polyak, 2006; Cartis-Gould-Toint, 2011]
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Global convergence rate

Xkir1 = argmin Qz(xk;y)-F%HY—ka'j
yeR?

Main Lemma. Let H := L,. Then

3/2 1 _3/2
| Z TVGE

= telescoping this bound, we obtain the complexity:

Fow) = Fxs1) 2 o Vo)

f(xo)—F*
K — RYGier)

iterations to find |V (Xk)| < e.
NB: for the Gradient Method we have %

> Adaptive strategy for H: ensure
Fxir1) < Qa(xi xiqn) + &l — el
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Solving the Subproblem

How to compute one step?
mt = argmin{ (g, h) + 1(Ah, h) + £ 0|3
heRn
Step 1: compute factorization of A= AT € R"™*":
A = UAUT,

where U € R™" is orthonormal basis: UUT = I, and A is diagonal
or tridiagonal — O(n?) arithmetic operations

Step 2: solve
— mindiz 1 Hilpl3
P. = min{(g.h)+3(Ah.h) + &4l |
using duality:
— — 1 -1z 5 24 3
Po= D= max {5+ e
T>[7)\min]+

concave maximization of univariate function — O(n?) operations
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Computation of One Step

» Cubic Newton step:

xT = argmin{ Qo(x;y) + %Hy —x|3 }
yeR?

= x - (V2f(x)+ﬁl)71Vf(x),

where 3 is the solution of the dual. We have 8 = ¥ |x* — x||.
> Let f be convex. Then,

def o —1
= xt=x| = (V) + BTV < FIVIX)

_Hr_ [HIVI(]
2 = 2 '
Gradient Regularization. [Ueda-Yamashita, 2014; Mishchenko, 2021;
D-Nesterov, 2021]:

xt = x—(sz(x)—l—\/wl)_lVf(x)

» One matrix inversion; fast global rates

Hence, we have an upper bound: | 8
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Summary: Newton’s method
Classic Newton's step:
X1 = xk— [V2F(xa)] TV ()

Three major issues:

» No global convergence = Cubic Regularization:

X1 = % — [V2F(x) + Bel] V()

where () is computed at each step by univariate maximization.
For convex functions we can use Gradient Regularization:

Br = /H||V£(Xk)||_

» High arithmetic cost O(n®) = stochastic subspaces O(73)
» Requires exact Vf(x), V?f(x) = stochastic oracles

13/30



Outline

I. Introduction: regularization of Newton's method

1. Stochastic subspaces

I1l. Stochastic oracles and momentum

IV. Conclusions



Coordinate Subspace Model
» Fix subset of coordinates: S C {1,...,n}
» For any y € R” and A € R"*", denote by
yis) € R, Ais) € RM°

the vector/matrix with zeroed i ¢ S
Cubic subspace second-order model. For any h € R":

def
mes(h) = F(x)+ (VF(x), hs)) + 5(V2F(x)his)s his) + 2l s P
= F(x) +(VF(X)sp by + 3(V2E(X)51h, ) + & g |13

» By smoothness, for a sufficiently large H > Ly, we have:
f(x+h) < mes(h), Vx,h e R"

= at iteration k > 0, we can compute a new point as:

Xkt1 = Xk +argmin my s(h)
h

—1
= Xq— (sz(xk)[S] +5k/) VF(xi)[s]
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Stochastic Subspace Cubic Newton

Init: xp € R" and subspace size 1 <7 <n

lteration, k > 0:
1. Sample S, C {1,...,n} of size |Sx| =7
2. Estimate regularization parameter Hy
3. Compute Subspace Cubic Step:
Xei1 = Xk -+ argmin, ka,Sk(h)

=Xk + arg;rlin{wf(Xk)[sk]h hy + 3(V2F (xi) s, by h) + %||h||3}

» The cost of solving the subproblem is O(73)
» Very efficient for small 7 < n

[D-Richtarik, 2018; Cartis-Scheinberg, 2018;
Hanzely-D-Richtérik-Nesterov, 2020; Zhao-Lucchi-D, 2024]
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Main Bounds
Lemma. Let H := L5. Then

Fxk) — Fokat) = Blxer — xl®

» Progress of every step
» NB: for the full Cubic Newton (7 = n), we have

L
Blxc —xdlP > o IVFGre) 2

» Difficult to analyse for stochastic step (7 < n)
Lemma. For any x € R"” and |S| = 7, we have

E[VI()s = VI < 1= ZlIVE)]l

E[V2f(x)s - V2F(x)| < /1 R=BV2F ()|l

» The error = 0 with 7 — n
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Complexity Result

» Let 1 <7 < n be fixed

Theorem. To reach E[||Vf(x)|] < e it is enough to do

Kk — (’)([2]3/2\/5(2(3);02)4*) +n1/2(1— 7(771))1/2[ﬂ]le(f(xo)ff*))

n(n—1) T e?

» 7 = n: Full Cubic Newton
» 7 =1: Coordinate Descent

» Arithmetic complexity of each iteration is O(73)
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Experiment: Total Computational Time

Total computational time (s)
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» In practice: use block size of a moderate size
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Experiment: Logistic Regression

2
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» the best: Stochastic Subspace Cubic Newton with 7 = 100
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Stochastic Optimization Problems

Applications in Machine Learning and Statistics:
no access to exact V£(x) and V2f(x)
» Let for every x we have an access to stochastic Vf(x) and
V2f¢(x), where ¢ is a random variable

Assume:
» unbiased estimates:

E[V(x)] = Vf(), E[Vf(X)] = V(x),

» bounded variance:

E[||Vf(x) — VF(x)|?] :

O'g,

IN

E[IV2(x) = VA (X)IP] < of

» a.s bound (technical):
IV2£(x) = V2E(x)[ < o
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Basic Stochastic Cubic Newton

> First attempt: substitute stochastic oracles V£ (x), V2f(x)
instead of V£(x), V2f(x) in the cubic model

Stochastic Cubic Newton. Iterate kK > 0:
1. Sample & ~ D
2. Set gk = Vfgk(xk), Ak = vszk(xk)

3. Form stochastic cubic model:

def
m(y) = (8ky — xi) + 5(Aly — Xi),y — xic) + %Hy — xk?

3. Compute step: xx41 = argmin my(y)
1%
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Convergence To a Ball

we have

Lemma. Let H > L. Then, for some numerical constant ¢ > 0

C - [f(Xk) — f(Xk+1)]

—VF(x)|3/2
> ﬁHVf(XkJrl)H?’/z_Hgk \/(ﬁk)”

» No progress at every step due to approximation errors
» Need to bound different moments

= telescoping this inequality, we prove the convergence rate

_AYEA()IIR
2

Theorem. For every k > 1, we have

E[||Vf(>_<k)||3/2] < O(\/ﬁ(f(io)—f*)+H3/2+U3/2)

> A freedom to choose H > L, = decrease the aﬁ term
» No control of 02/2

= convergence to a ball! Only for
3/2

€2 0g
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Mini-Batching

Let at each iteration k > 0 we sample b, gradients and b, Hessians:

R AL
i€[bg]

A = 5 2 V()
i€[bp]

Then,

3/2
g
Elgk — VF(x)I*? < %,
g
and by Matrix Concentration, e.g. [Chen-Gittens-Tropp, 2012],

2 3 3/2 9 39; ~ A&
El| A~ V2 (s)|* < O(1og(n) 2 3 + log(nf'3h) = O(3h)
Thus, we can converge to any accuracy:

~ xo)—F* 0.3 0.3/2
E[|VAR)P2] < O(YHGLD 4 i 1 o)
h g

[Kohler-Lucchi, 2017; Chayti-Jaggi-D, 2023]
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Momentum

» ldea: instead of forming new batch each iteration,

reuse old gradients and Hessians

Momentum in optimization:
» Heavy-Ball Method [Polyak, 1964]

X1 = Xk — axVE(xi) + Br(xx — xi—1)

» Fast Gradient Method [Nesterov, 1984]
Yk = Xk + Bk — Xk-1)

Xk41 = Yk — o VI(yk)

» Deep Learning
» Stochastic Optimization [Cutkosky-Orabona, 2020; Cutkosky-Mehta,
2020; Arnold-Manzagol-Babanezhad-Mitliagkas-Roux, 2019;

Gao-Rodomanov-Stich, 2024]
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Second-Order Momentum

Let 0 < o, B < 1. Define, for k > 1:
gk = (1—a)gk1+aVig, (xk + 12 (% — xk-1))

and
Ac = (1= B)Ak-1+ BV, (xk)

» NB: o =3 =1implies gx = Vf, (x) and Ax = V£, (x«)
» By choosing o, 5 < 1 we aim to decrease the variance of our
estimators
Lemma.

k
Z lgi = VF(xi)II*/

3/2 _.)\3/273/2 k

3/4 3/2 o (1—a)3/2L 1 ) ) 3

<0 a¥oy? 1 %+ CPIERL SR — x|
N—_—— =1

variance

bias

» Similar bounds for the Hessians
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Stochastic Cubic Newton with Momentum

Init: xo € R", go = Vfy(x0), Ao = V3Hg(x), 0 < a,8 < 1
Iteration, kK >0

1. Sample £ ~ D

2. Set
gk = (1—a)gk1+aVig, (xk + 2 (i — xk-1))

Ac = (1= PB)Ak-1+ BV (%)

3. Form stochastic cubic model:

def
m(y) = (8ky — xi) + %<Ak(y — Xk), Y — Xk) + %Hy — x¢?

4. Compute step: xkxi1 = argmin, my(y)

Theorem. For any H > L,, we have

_ o) — F* 13/253 3/8,3/2
E[||Vf(xk)||3/2] < O(\/ﬁ(f(ko) f)+ H3h+LH3/§ )

» Convergence with arbitrary noise level! 2630



The Complexity Picture

How many stochastic samples to find E[||Vf(x)]|] < &7

» Stochastic Gradient Descent (SGD) [Lan, 2020]
O(% + ”—i’)

() g
» Normalized SGD with momentum [Cutkosky-Mehta, 2020a]
2
1 g
o(%+ %)
» Stochastic Cubic Newton with momentum (ours)

1 02/2 P
g
0(63/2 + % + /)

Improvements due to second-order smoothness
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Experiment: Non-convex Objective

LR: a9a, Non-convex

— SCNM
= SCN
1071+ — SGD
-
I
Y
10—2_

10-1 10° 10! 102
Time, (s)
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Conclusions

» Global convergence of Newton's Method = regularization
» Cubic Regularization
» Gradient Regularization
» Large dimension n of the problem = restrict the model to
stochastic subspaces of size T

» Preserves the global convergence
» Cheap subproblem if 7 is small

» Stochastic oracles
» Momentum reduces the variance of stochastic estimates

References:

1. Zhao, J., Lucchi, A., and Doikov, N., 2024. Cubic regularized subspace
Newton for non-convex optimization. arXiv:2406.16666

2. Chayti, E.M., Doikov, N., and Jaggi M., 2024. Improving Stochastic
Cubic Newton with Momentum. arXiv:2410.19644

20 /30



Open Questions

> Better concentration inequalities; analysis for heavy tails

[Gorbunov-Sadiev-Danilova-Horvath-Gidel-Dvurechensky-Gasnikov-Richtarik,
2024]

> Lower complexity bounds; using smoothness breaks the
classical lower bound Q( %) — O(-25
) 57/2

» Accelerated second-order methods for convex optimization

[Agafonov-Kamzolov-Gasnikov-Kavis-Antonakopoulos-Cevher-Takag, 2023]

Thank you for your attention!
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