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Differentiable Functions

Definition
Function f : R™ — R™ is called differentiable at x € R" if there exists a linear
operator £ : R" — R" such that
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lfGth)—flz) =LAl _ ()

lim —
A Th]

17| =0

» In a finite-dimensional space R", all norms are topologically equivalent (does not
matter which norm to pick)

» Assume there are two operators £; and L9 which satisfy the definition.
Subtracting one from another gives (L1 — L2)|h] = o(||R||), which implies £1 = L5

» Hence, operator L is unique (if exists). It is called the derivative of f at .

Notations: Df(x) = df(x) = fi(z) = L



Derivatives

Derivative is the best local approximation of a function f at x by a linear function:

fle+h) =~ f(z)+Df(x)h

» Df has two arguments: x € R™ (the point) and h € R” (the shift)
» Note that D f(x)|h| is linear in h, but not in . For any h,u € R" and «a, 8 € R:

Df(z)lah+ Bu] = aDf(zx)h] + BDf(x)lul.



Gradients

We fix an inner product (-, ) in our space.
» For vectors x,y € R™, we will always use the standard dot product:

@y) = 3 allyl
1=1

» For matrices X,Y € R™ " this leads to (X,Y) :=tr(X'Y)
In optimization, we mostly work with functions f : dom f — R.
The gradient of f : R™” — R at = is a vector V f(z) € R" such that
Df(z)[h] = (Vf(x)h).

So, it holds:  f(x+ h) = f(x) +(Vf(x),h)+ o(||h|)
» Note that D f(x)|h| does not depend on a coordinate system

» The gradient V f(x) depends on a coordinate system

» We can use Df(x) and V f(x) interchangeably, if the coordinate system is fixed




Directional Derivatives

Let f:R"* - R
Directional derivative. For any h € R", the directional derivative of f at point x
along direction h is the derivative of the univariate function ¢(t) = f(x + th) at zero:

Of(x) . _ S (0) = lim f(«fL‘thf;)—f(CU).
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Proposition. For a differentiable function f, its directional derivative can be
computed as

G = Df(x)[h] = (Vf(x),h)  (check!)



Computing Gradients: Two Ways

1. Construct V f(z) coordinate-wise (hard way):
Of (x)

> Compute all partial dertivatives -7 for all coordinate directions ey, ..., e, € R"
» Combine them into vector:
-
_ Of () Of ()
Vf(ili') = (W,..., 3x(n)) c R™,.

» Theoretically is completely fine. Computationally hard in practice!

2. Think of V f(x) as the derivative representation (coordinate-free way):
» Compute Df(x)|h] for an arbitrary h € R™.
» Then find the vector V f(x) € R™ such that Df(x)|h]| = (Vf(z),h).
» Often is much easier. Especially useful for matrix functions and for neural
networks.

Example
fFX)=3%XI32 = DfX)H=tx(XTH) = VfX)=X

Exercise: consider f(X) = %HAX — B||%



The Gradient: Summary

For a function f : dom f — R, the gradient vector V f(x) is the representation of the
derivative, which depends on the choice of the coordinate system and is defined by

fle+h) = f(z)+(Vf(z),h) +olh])

» Vf(x) has the same shape as = (a vector, a matrix, multiple tensors — layers in
neural networks, ...)

Gradients are used
» as the main search direction in optimization algorithms

» as optimality conditions for solutions



First-Order Optimality Condition

Definition
Point z* is called a local minimum of f if there exist a neighborhood z* € U (an

open set) such that
fla¥) < flx), VoeelU

» NB: if U =dom f, then x* is a global minimum of f.

Theorem
Let x* be a local minimum of a differentiable function f. Then,

Vflxz*) = 0.

Proof. Assume V f(z*) # 0. Take h := —aV f(z*) with a > 0, and consider
fl@*+h) = f(@*)—a| V@) +ola).
For sufficiently small a, we get: f(z* + h) < f(z*) — SIIVS(@")]]? < f(z*). (?!)




Stationary points

A point z* such that V f(z*) = 0 called a stationary point

local minimum local maximum saddle points




