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6.1 Rates for Gradient Method

6.1.1 On the Choice of the Norm

In the previous lecture, we discussed the class of convex smooth functions f : Rn → R, which can
be characterized by the following second-order condition:

0 ≤ ⟨∇2f(x)h, h⟩ ≤ L∥h∥2, ∀x, h ∈ Rn, (6.1)

where ∥ · ∥ is an arbitrary norm on Rn.
A non-standard choice of norm might be important for the design of optimization algorithms.

For example, an important algorithm for training deep learning architectures, called Adam [KB15],
can be viewed as a stabilized version of the stochastic gradient method under the ∥·∥∞-norm [BN24].

At the same time, the choice of the ∥ · ∥1-norm for the primal space in the gradient method
leads to greedy coordinate descent.

Therefore, a proper choice of norm can enable desirable features for these algorithms. Other
examples include problems with explicitly given geometry (such as the space of probability distri-
butions), when the choice of the corresponding norm is very natural.

However, the Euclidean norm remains the most important choice for the design and analysis of
the optimization methods. Unless explicitly specified,

from now on in this course, we will focus on the Euclidean norm ∥ · ∥ ≡ ∥ · ∥2 .

The condition (6.1) under the Euclidean norm reads as:

0 ⪯ ∇2f(x) ⪯ LI, x ∈ Rn. (6.2)

And the gradient method for the Euclidean norm has the following simplest form, starting from
some x0 ∈ Rn, we iterate:

xk+1 = xk − 1
L∇f(xk), k ≥ 0, (6.3)

where we assume the fixed step size 1/L for now. Assuming that a minimum x⋆ exists, let us look
at the distance to the solution. We have

1
2∥xk+1 − x⋆∥2 = 1

2∥xk − x⋆ − 1
L∇f(xk)∥2

= 1
2∥xk − x⋆∥2 + 1

L

(
1

2L∥∇f(xk)∥2 + 2⟨x⋆ − xk, ∇f(xk)⟩
)

(6.2)
≤ 1

2∥xk − x⋆∥2 + 1
L

(
f(x⋆) − f(xk)

)
≤ 1

2∥xk − x⋆∥2.

(6.4)
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Hence, in the Euclidean case, we have proved that the iterates of the gradient method remains
bounded,

∥xk − x⋆∥ ≤ ∥x0 − x⋆∥, ∀k ≥ 0. (6.5)

Note that x⋆ here can be an arbitrary minimizer.

6.1.2 Rate for Minimizing Convex Functions

Let us repeat the reasoning from the previous lecture, on the convergence of gradient method on
smooth convex functions. We have two main ingredients.

• Progress of each iteration: f(xk) − f(xk+1) ≥ 1
2L∥∇f(xk)∥2.

• Convexity: f(xk) − f⋆ ≤ ⟨∇f(xk), xk − x⋆⟩ ≤ ∥∇f(xk)∥ · ∥xk − x⋆∥
(6.5)
≤ ∥∇f(xk)∥ · R.

where R := ∥x0 − x⋆∥ is the explicit distance from the initial point to any fixed solution.
Denoting the functional residual by Fk := f(xk) − f⋆ > 0, we obtain

Fk − Fk+1 = f(xk) − f(xk+1) ≥ 1
2L∥∇f(xk)∥2 ≥ 1

2LR2 F 2
k . (6.6)

Inequality (6.6) that the sequence {Fk}k≥0 is monotonically decreasing with a certain rate. Notice
also that, since ∇f(x⋆) = 0, we have:

F0 = f(x0) − f⋆
(6.2)
≤ LR2

2 . (6.7)

Now, we observe that

1
Fk+1

− 1
Fk

= Fk−Fk+1
FkFk+1

(6.6)
≥ 1

2LR2
Fk

Fk+1
≥ 1

2LR2 .

Hence, since we have a constant in the right hand side, this inequality is easy to telescope (or, in
the terminology of continuous time, intergrate). We get:

1
Fk

≥ 1
F0

+ k
2LR2

(6.7)
≥ 4+k

2LR2 .

We have proved the following result.

Theorem 6.1.1. Assume that a minimum x⋆ exist. On convex smooth functions (6.2), the gradient
method (6.3) has the following rate of convergence:

f(xk) − f⋆ ≤ 2LR2

k+4 , k ≥ 0. (6.8)

Corollary 6.1.2. In order to find a point xk such that f(xk) − f⋆ ≤ ε, it is enough to perform

k = O
(

LR2

ε

)
(6.9)

first-order oracle calls.
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6.1.3 Minimizing Gradient Norm

How good this result as compared to what we have seen before for the gradient method?
First of all, notice that the convergence rate (6.8) is in terms of the last point, which is the most

natural candidate for the output of the algorithm.
In Lecture 3, we have already proved that to reach ∥∇f(x̄)∥ ≤ ε, it is enough to perform

K = O
(

L(f(x0)−f⋆)
ε2

)
(6.10)

iterations of the gradient method. The complexity O(1/ε2) seems much worse than that one in (6.9).
At the same time, technically, complexity bounds (6.9) and (6.10) are not directly comparable as
they refer to different accuracy measures, and the role of the letter “ε” is different in them!

It appears that using convexity, we can improve the dependence on ε in (6.10) for the gradient
norm minimization. Let us consider 2K iterations of the gradient method, where K ≥ 1 is fixed.
From the analysis of the gradient norm minimization (Theorem 3.2.4 in Lecture 3), we have:

min
K≤i≤2K−1

∥∇f(xi)∥2 ≤ 2L(f(xK)−f⋆)
K

(6.8)
≤ 4L2R2

K(K+4) = O
([

LR
K

]2)
. (6.11)

Therefore, we have obtained the following result.

Proposition 6.1.3. In order to find a point x̄ such that ∥∇f(x̄)∥ ≤ ε, the gradient method (6.3)
on smooth convex functions (6.2) needs

K = O
(

LR
ε

)
iterations (first-order oracle calls).

The convergence in terms of the gradient norm is stronger, as it leads to the convergence in
terms of the function value. The gradient norm is also easier to use in practice as the stopping
criterion for the algorithms.

Finally, we might ask what is the convergence rate in terms of the distance to the solution ∥xk −
x⋆∥ → 0? Unfortunately, in general for convex functions, we cannot guarantee such convergence,
even if ∥∇f(xk)∥ → 0 and f(xk) → f⋆. However, there is a specific class of functions that enables
us to guarantee convergence in terms of the distance between points.

6.1.4 Strongly Convex Smooth Functions

Let f : Rn → R be twice continuously differentiable. We say that f is strongly convex and smooth,
if the eigenvalues of the Hessian are both uniformly bounded from above and separated from zero:

µI ⪯ ∇2f(x) ⪯ LI, x ∈ Rn, (6.12)

where 0 < µ ≤ L are parameters of our problem class. Of course, if µ = 0 in (6.12) than we obtain
the class of convex smooth functions, that we discussed before.

The problems that satisfy (6.12) are among the most important in optimization and possesses
the fastest rates of convergence. As before, we can formulate the conditions (6.12) in terms of the
gradients and in terms of the function values. Indeed, using the fundamental theorems of calculus,

⟨∇f(y) − ∇f(x), y − x⟩ =
1∫
0

⟨∇2f(x + τ(y − x))(y − x), y − x⟩dτ
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and

f(y) − f(x) − ⟨∇f(x), y − x⟩ =
1∫
0

(1 − τ)⟨∇2f(x + τ(y − x))(y − x), y − x⟩dτ,

we get the following equivalent characterization of our new problem class.
Theorem 6.1.4. The following conditions, that hold for any x, y ∈ Rn, are equivalent to (6.12):

µ∥y − x∥2 ≤ ⟨∇f(y) − ∇f(x), y − x⟩ ≤ L∥y − x∥2 (6.13)

and
µ
2 ∥y − x∥2 ≤ f(y) − f(x) − ⟨∇f(x), y − x⟩ ≤ L

2 ∥y − x∥2. (6.14)
Now we obtain the perfect symmetry in our inequalities. Geometrically, inequality (6.14) means

that at each point x ∈ Rn, we have both global upper and lower quadratic models of our function.
Note that if we ignore the upper inequality in (6.12), (6.13), and (6.14), we obtain the class of

just strongly convex functions (not necessary smooth).
Exercise 6.1.1. Show that every strongly convex function f (with respect to the Euclidean norm),
can be represented as f(x) ≡ φ(x) + µ

2 ∥x∥2, where φ(·) is a convex function.
Let us look at some consequences of (6.14). Plugging x := x⋆, we get

Proposition 6.1.5. For a strongly convex smooth function f : Rn → R, it holds:
µ
2 ∥y − x⋆∥2 ≤ f(y) − f⋆ ≤ L

2 ∥y − x⋆∥2, y ∈ Rn. (6.15)

Therefore, the functional residual and the distance to the solution becomes comparable. If we
have a convergence in terms of the functional residual, f(xk) − f⋆, bound (6.15) also leads to a
convergence in terms of the distance: ∥xk − x⋆∥ → 0 with the same rate.

Note the the lower inequality in (6.15) also proves that the solution x⋆ to a strongly convex
optimization problem always exist and unique. This is not the case for convex functions, when
µ = 0.

Now, let us rearrange the terms in the lower inequality in (6.14). We obtain:

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩ + µ
2 ∥y − x∥2,

that holds for any x, y ∈ Rn. Minimizing the left-hand and the right-hand sides independently, we
obtain

f⋆ ≥ f(x) − 1
2µ∥∇f(x)∥2.

Or, rearranging the terms, we obtain the following very important inequality.
Proposition 6.1.6. For strongly convex functions, it holds

1
2µ∥∇f(x)∥2 ≥ f(x) − f⋆. (6.16)

Let us apply the new inequality for the analysis of the gradient method. For one gradient step,
we have

f(xk) − f(xk+1) ≥ 1
2L∥∇f(xk)∥2

(6.16)
≥ µ

L(f(xk) − f⋆), (6.17)

or, for the functional residual Fk := f(xk) − f⋆, we have

Fk+1
(6.17)

≤
(
1 − µ

L

)
Fk ≤ exp

(
− µ

L

)
Fk. (6.18)

The ratio L
µ ≥ 1 is very important and called the condition number of the function. Applying

inequality (6.18) for k steps of the method, we prove the following result.
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Theorem 6.1.7. For the iterations of the gradient method on strongly convex smooth functions,
we have the linear rate of convergence:

f(xk) − f⋆ ≤ exp(−k µ
L)

(
f(x0) − f⋆

)
. (6.19)

Therefore, to reach f(xK) − f⋆ ≤ ε it is enough to perform

K = L
µ ln f(x0)−f⋆

ε

(6.14)
≤ L

µ ln LR2

2ε
(6.20)

iterations of the algorithm.

6.2 Polyak’s Heavy Ball Method

6.2.1 Quadratic Functions

Let us consider the problem of unconstrained minimization of the quadratic function,

min
x∈Rn

{
f(x) = 1

2⟨Ax, x⟩ − ⟨b, x⟩
}

, (6.21)

where A ∈ Rn×n and b ∈ Rn is given data. We assume that A = A⊤ ⪰ 0 (why?). Actually, without
loss of generality, we can always assume that A ≻ 0 (strictly). However, the smallest eigenvalue can
be tiny. In this case the problem is called ill-conditioned. Unfortunately, ill-conditioned problems
are the most frequent in practice.

Computing the gradient, we get

∇f(x) = Ax − b, (6.22)

and at the solution x⋆ should solve the linear system:

∇f(x⋆) = Ax⋆ − b = 0 ⇔ b = Ax⋆. (6.23)

Therefore, any optimization method for minimizing (6.21) automatically provides us with an algo-
rithm for solving linear systems with symmetric matrices (6.23). In fact, this approach remains the
most efficient way to solve large-scale systems, when the dimension n is huge. According to 6.22,
to compute the gradient vector at a given point, it requires to perform one matrix-vector product.
If the matrix A is sparse, it can be done efficiently even for a very large dimension n.

From (6.23), we have another representation of the gradient, using the optimal solution:

∇f(x) = A(x − x⋆). (6.24)

Computing the Hessian, we observe that it is constant,

∇2f(x) ≡ A.

Therefore, quadratic function (6.21) is strongly convex and smooth with

0 < µ = λmin(A) ≤ λmax(A) = L.

It is easy to check that the Taylor expansions hold exactly for quadratic functions.
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Proposition 6.2.1. For quadratic functions, it holds:

f(y) − f(x) − ⟨∇f(x), y − x⟩ ≡ 1
2⟨∇f(y) − ∇f(x), y − x⟩

≡ 1
2⟨∇2f(x)(y − x), y − x⟩

≡ 1
2⟨A(y − x), y − x⟩ ≡ 1

2∥y − x∥2
A,

(6.25)

where ∥y − x∥A stands for the generalized Euclidean norm with matrix A = A⊤ ≻ 0.

Exercise 6.2.1. Check (6.25).

From (6.25), we obtain the following interesting formula,

f(y) − f(x) = 1
2⟨∇f(y) + ∇f(x), y − x⟩, x, y ∈ Rn. (6.26)

6.2.2 Heavy Ball Method

We discuss a faster method for minimizing a quadratic function, developed by B.T. Polyak [Pol87].
Instead of performing a simple gradient step, we add some inertia to the method. Each iteration
reads as follows:

xk+1 = xk − α∇f(xk) + β(xk − xk−1), k ≥ 1. (6.27)

where α > 0 is a step-size and 0 ≤ β ≤ 1 is an extra parameter. This algorithm is called the heavy
ball method. The dynamical system (6.27) corresponds to a discretized version of the motion of a
body (“the heavy ball”) in a potential field ∇f(·) under the force of friction, where β is a parameter
of this force (β = 0 correspond to no friction).

Another common interpretation of this algorithm is the gradient method with momentum.
Indeed, iterations (6.27) can be rewritten as follows, starting from some initialization x0 ∈ Rn and
s0 = 0, we update, for k ≥ 0:

sk+1 = βsk + ∇f(xk),

xk+1 = xk − 1
Lsk+1,

(6.28)

and 0 ≤ β ≤ 1 has an interpretation of momentum parameter (how fast we forget the history), and
we use the constant step-size 1/L in front of sk+1.

Exercise 6.2.2. Check that iterations (6.28) and (6.27) are equivalent.

This is a very popular technique in machine learning, where it helps the method to behave
more stable, especially when the gradients are stochastic and noisy, and the objective landscape is
non-convex.

Let us analyze algorithm (6.28) for the quadratic case. We consider the simplest choice of
momentum parameter, β := 1 . Hence, we have

sk+1 =
k∑

i=0
∇f(xi). (6.29)

The consequence of the fact that the gradient mapping ∇f(·) is affine is that

1
k sk = 1

k

k−1∑
i=0

∇f(xi) = ∇f(x̄k), where x̄k := 1
k

k−1∑
i=0

xi. (6.30)
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Let us substitute direction from (6.28) into the global quadratic upper bound:

f(xk+1) ≤ f(xk) + ⟨∇f(xk), xk+1 − xk⟩ + L
2 ∥xk+1 − xk∥2

(6.28)= f(xk) − 1
L⟨∇f(xk), sk+1⟩ + 1

2L∥sk+1∥2

= f(xk) − 1
L⟨sk+1 − sk, sk+1⟩ + 1

2L∥sk+1∥2

= f(xk) − 1
2L∥sk+1∥2 + 1

L⟨sk, sk+1⟩.

Therefore, we get the following “progress” of each step.

Proposition 6.2.2. For every k ≥ 0:

f(xk) − f(xk+1) ≥ 1
2L∥sk+1∥2 − 1

L⟨sk, sk+1⟩. (6.31)

The last term has an interpretation of the “correlation” between partial sums of the gradients.
Let us substitute two consequitive points into equation (6.26), that is valid only for quadratic

functions:

f(xk) − f(xk+1) = 1
2⟨∇f(xk) + ∇f(xk+1), xk − xk+1⟩

= 1
2L⟨sk+2 − sk, sk+1⟩ = 1

2L

(
⟨sk+2, sk+1⟩ − ⟨sk, sk+1⟩

)
.

Rearranging the terms, we express next correlation using the previous one and the function differ-
ence,

f(xk) − f(xk+1) + 1
2L⟨sk, sk+1⟩ = 1

2L⟨sk+1, sk+2⟩. (6.32)

Telescoping this inequality, and using that s0 = 0, we get the following bound on the correlations.

Proposition 6.2.3. For every k ≥ 0:

f(x0) − f⋆ ≥ f(x0) − f(xk) (6.32)= 1
2L⟨sk, sk+1⟩. (6.33)

Now, we can substitute bound (6.33) into (6.31). We obtain:

f(xk) − f(xk+1) ≥ 1
2L∥sk+1∥2 − 2(f(x0) − f⋆).

Telescoping this inequality, we get

f(x0) − f⋆ ≥ f(x0) − f(xk) ≥ 1
2L

k∑
i=1

∥si∥2 − 2k(f(x0) − f⋆).

Theorem 6.2.4. For the iterations of the heavy ball method (6.28), with β = 1, it holds:

2L(1 + 2k)(f(x0) − f⋆) ≥
k∑

i=1
∥si∥2 (6.30)=

k∑
i=1

i2
∥∥∥∇f(x̄i)

∥∥∥2
. (6.34)

Therefore, denoting the smallest gradient among averaged points, gk := min
{

∥∇f(x̄1)∥, . . . , ∥∇f(x̄k)∥
}

,
we have

g2
k ≤ 2L(1+2k)(f(x0)−f⋆)∑k

i=1 i2
= 12L(f(x0)−f⋆)

k(k+1) = O
([

L(f(x0)−f⋆)
k2

])
. (6.35)

Exercise 6.2.3. Compare the convergence rate (6.35) with that of the gradient method in (6.11).
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