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12.1 Problem Formulation
We consider the following convex optimization problem:

min
x∈Q

f(x), (12.1)

for a convex set Q ⊆ Rn, and a convex (possibly non-differentiable) function f : Rn → R, which,
for simplicity of the presentation, we define over the whole space. In modern applications, the
dimension n in problem (12.1) is large: n → ∞ (large-scale optimization), so we cannot directly
apply the heavy machinery of the ellipsoid method. Instead, we will analyze a non-smooth analog
of the gradient method.

We assume that for any point x ∈ Q we can compute a subgradient vector f ′(x) ∈ ∂f(x) that
satisfies:

f(y) ≥ f(x) + ⟨f ′(x), y − x⟩, x, y ∈ Q.

For the set Q we assume a possibility of computing the projection, in the Euclidean norm:

πQ(x) := arg min
y∈Q

∥y − x∥. (12.2)

This is a different and more expensive operation than a separation oracle for Q. The possibility
of computing projections (12.2) typically means that the set Q is simple. Thus, as we did when
discussing the fully composite problems in Lecture 9, we assume that the main difficulty of solving
problem (12.1) lies in the objective function f , but not in the constraints. However, it is possible
to generalize the subgradient method to the case of using only a separation oracle for Q, when the
set is specified by a number of black-box functional inequalities.

12.1.1 Optimality Condition

Let us discuss an optimality condition for a point x⋆ to be a global minimum of (12.1). We
have the following generalization of the first-order condition from unconstrained minimization. Let
Df(x⋆)[h] denote the directional derivative of f along the direction h:

Df(x)[h] := lim
α→0+

1
α

[
f(x + αh) − f(x)

]
.

• For differentiable functions: Df(x)[h] ≡ ⟨∇f(x), h⟩.

• For convex functions, the directional derivative along any direction exists at all interior points
of the domain. In this case, we have the following interesting relationship:

Df(x)[h] = max
{
⟨g, h⟩ : g ∈ ∂f(x)

}
.
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Proposition 12.1.1. Let x⋆ be a constrained minimum of f over set Q. Then

Df(x⋆)[x − x⋆] ≥ 0, x ∈ Q. (12.3)

Proof. Indeed, by the definition of the directional derivative, we have for a sufficiently small α > 0:

Df(x⋆)[x − x⋆] = 1
α

[
f(x + αh) − f(x)

]
+ o(1) ≥ o(1),

where o(1) goes to zero when α → 0. Taking the limit complete the proof.

Corollary 12.1.2. For a constrained minimum of a differentiable function f , we have:

⟨∇f(x⋆), x − x⋆⟩ ≥ 0, x ∈ Q. (12.4)

Remark 12.1.3. See also Theorem 10.1.5 in Lecture 10 for a more general optimality condition
suitable for additive composite optimization, that generalizes (12.4).
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Figure 12.1: The constrained minimum of a function f over a set Q.

12.2 Subgradient Method with Normalized Stepsizes

12.2.1 Subgradient Step

We will use the optimality condition to analyze one step of the subgradient method. The method is
very similar to the basic gradient method. At point x ∈ Q, we compute a subgradient f ′(x) ∈ ∂f(x)
and perform the following update, for some η > 0:

x+ = arg min
y∈Q

[
m(y) := η⟨f ′(x), y − x⟩ + 1

2∥y − x∥2
]
. (12.5)

Note that the function m(·) is differentiable and 1-strongly convex. Hence, we have

m(y) ≥ m(x+) + ⟨∇m(x+), y − x+⟩ + 1
2∥y − x+∥2

(12.4)
≥ m(x+) + 1

2∥y − x+∥2.
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Expanding the definition of the model gives:

1
2∥y − x∥2 + η⟨f ′(x), y − x⟩ ≥ 1

2∥y − x+∥2 +
[
η⟨f ′(x), x+ − x⟩ + 1

2∥x+ − x∥2
]

≥ 1
2∥y − x+∥2 − η2

2 ∥f ′(x)∥2.

Thus, we have proved the following important lemma, which is in the core of analysis of all
subgradient methods.

Lemma 12.2.1. For any y ∈ Q, it holds

1
2∥y − x∥2 + η2

2 ∥f ′(x)∥2 ≥ 1
2∥y − x+∥2 + η⟨f ′(x), x − y⟩. (12.6)

Consequently, substituting y := x⋆ ∈ Q (any minimizer), we get:

1
2∥x⋆ − x∥2 + η2

2 ∥f ′(x)∥2 ≥ 1
2∥x⋆ − x+∥2 + η⟨f ′(x), x − x⋆⟩. (12.7)

Note that for convex functions, the inner product in the right hand side of (12.7) is non-negative,
and it is bounded by the functional residual:

⟨f ′(x), x − x⋆⟩ ≥ f(x) − f⋆ ≥ 0.

This reasoning can immediately lead to a convergence rate for the method. But first, let us choose
stepsizes in a smart way.

12.2.2 Algorithm

In non-smooth optimization, the main information that is provided by a subgradient f ′(x) ∈ ∂f(x)
is of geometric nature, as it gives us a certain separation of the sublevel set of f at x. At the same
time, in contrast to smooth optimization, the magnitude ∥f ′(x)∥ does not reveal much information.

Example 12.2.2. Consider f(x) = |x|, x ∈ R. Then, for any x ̸= 0, we have |f ′(x)| = 1, no matter
how close we are to the optimum x⋆ = 0.

Therefore, it is natural to normalize the subgradient direction: f ′(x)
∥f ′(x)∥ , which happens also to

equip our method with universal (problem-class independent) convergence rates. We consider the
following algorithm.

Algorithm 12.1: Subgradient Method.

Initialization: x0 ∈ Q. Fix K ≥ 1 and positive parameters {γk}k≥0.
For k = 0 . . . K − 1 iterate:

1. Compute a subgradient: f ′(xk) ∈ ∂f(xk)

2. Perform the normalized subgradient step:

xk+1 = arg min
y∈Q

[
γk

∥f ′(xk)∥⟨f ′(xk), y − xk⟩ + 1
2∥y − xk∥2

]
= πQ

(
xk − γk

∥f ′(xk)∥f ′(xk)
)

Return a point x̄K := arg min
{
f(y) : y ∈ {x0, . . . , xK}

}
or the average 1

K

K−1∑
i=0

xi.
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Substituting our stepsize choice in the previous lemma, we obtain, for every k ≥ 0:

γ2
k
2 + 1

2∥xk − x⋆∥2 ≥ 1
2∥xk+1 − x⋆∥2 + γk∆k, (12.8)

where
∆k := ⟨f ′(xk),xk−x⋆⟩

∥f ′(xk)∥

is a certain measure of optimality. We also denote:

∆̄K := 1
K

K−1∑
i=0

∆i and ∆⋆
K := min

0≤i≤K−1
∆i.

Clearly, we have ∆̄K ≥ ∆⋆
K .

Telescoping inequality (12.8) for the first K ≥ 1 iterations of the method, we get the following
progress:

1
2∥x0 − x⋆∥2 + 1

2
K−1∑
i=0

γ2
i ≥

K−1∑
i=0

γi∆i ≥
( K−1∑

i=0
γi

)
∆⋆

K (12.9)

Therefore, we obtain the following bound on our new accuracy measure:

∆⋆
K ≤

∥x0−x⋆∥2+
K−1∑
i=0

γ2
i

2
K−1∑
i=0

γi

= φ(γ0, . . . , γK−1). (12.10)

In principle, we want to choose {γk}k≥0 such that the right hand side of (12.10) is as small as
possible, i.e. to minimize it: φ(·) → min. Notice that

• φ(·) is convex;

• φ(·) is symmetric in γ: its value is invariant to any permutation of {γ0, . . . , γK−1}.

For a convex symmetric function, there is always exists a solution with all the same arguments,

γ⋆
0 = γ⋆

1 = . . . γ⋆
k−1 = γ.

Therefore, a constant choice γ > 0 is able to give us the best bound in (12.10), when the number
of iterations K is fixed. In practice, however, we might want to use a decreasing sequence, e.g.
γk = O(1/

√
k), so not to fix K.

We denote by R ≥ ∥x0 − x⋆∥ any upper bound for the distance from the initial point to any of
the solutions. Using this bound in (12.9) along with the constant choice, γi ≡ γ > 0, leads to

∆̄K

(12.9)
≤ ∥x0−x⋆∥2

2Kγ + Kγ
2 ≤ R2

2K + Kγ
2 .

Minimizing the right-hand side in γ > 0, we obtain the optimal choice

γ := R
K1/2 . (12.11)

Thus, we have proved the following result.

Theorem 12.2.3. Let all γk in Algorithm 12.1 be chosen according to (12.11). Then,

∆⋆
K ≤ ∆̄K ≤ R

K1/2 . (12.12)
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12.2.3 Lipschitz Functions

The question is how to relate our quantities ∆k with a standard accuracy measure, the functional
residual f(xk) − f⋆. The simplest reasoning is as follows.

Assume that our subgradients are bounded:

∥f ′(x)∥ ≤ M, ∀x ∈ Q, (12.13)

which means that the function f is Lipschitz:

|f(y) − f(x)| ≤ M∥y − x∥, x, y ∈ Q.

Then, by convexity we immediately obtain the following relationship:

∆k := ⟨f ′(xk),xk−x⋆⟩
∥f ′(xk)∥

(12.13)
≥ ⟨f ′(xk),xk−x⋆⟩

M ≥ f(xk)−f⋆

M . (12.14)

Corollary 12.2.4. We have,

f
(

1
K

K−1∑
i=0

xi

)
− f⋆ ≤ 1

K

K−1∑
i=0

[f(xi) − f⋆]
(12.14)

≤ M · ∆̄K ≤ MR
K1/2 . (12.15)

Note that we used a conservative choice of stepsizes that requires fixing the number of iterations.
Therefore, technically, (12.15) is not a “rate” of convergence, as this bound is achieved only once,
for the final output of the algorithm. If we wanted to achieve higher precision, we would need to
rerun the method with a smaller stepsize γ. In Lecture 14, we discuss a more advanced approach
using adaptive stepsizes that solves this issue, as they do not require fixing the number of iterations
in advance, and they also work for stochastic problems.

We also assume we know a bound R ≥ ∥x0 − x⋆∥. At the same time, it is easy to see that any
choice of R > 0 in (12.11) will give us a similar bound. For example, in practice, we can set R := 1
if no other information is available. However, the closer R is to ∥x0 − x⋆∥, the faster the method
converges.

In the next lecture, we prove that the rate O
(

MR
K1/2

)
is optimal for this problem class.

12.3 Functional Growth

Note that to prove our bound (12.15) for the subgradient method on convex Lipschitz functions, it
is enough to take much more conservative steps, using the same constant for each iteration in (12.5):

η := γ
M

(12.11)= R
MK1/2 , (12.16)

in contrast to using normalized stepsizes.

Exercise 12.3.1. Check that subgradient steps (12.5) with η given by (12.16) achieve the same
bound (12.15) for the functional residual.

In this section, we provide a more advanced analysis that reveals the true power of normal-
ized stepsizes: they enable us to prove convergence rates for problems well beyond the Lipschitz
assumption.
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12.3.1 Geometric Interpretation

First, let us understand the geometric meaning of the quantity ∆k := ⟨f ′(xk),xk−x⋆⟩
∥f ′(xk)∥ . For simplicity,

consider the case of unconstrained optimization, thus

Q ≡ Rn.

Staying at point xk, the subgradient f ′(xk) ̸= 0 provides us with the supporting hyperplane:

Lk =
{

y ∈ Rn : ⟨f ′(xk), xk − y⟩ = 0
}

.

Let us look at the optimal solution x⋆ ∈ Rn and find the projection of it onto Lk:

min
y∈Lk

∥y − x⋆∥. (12.17)

We take vector h := ∆k
f ′(xk)

∥f ′(xk)∥ and the perturbed solution y⋆ := x⋆ + h. We have

⟨f ′(xk), xk − y⋆⟩ = ⟨f ′(xk), xk − x⋆⟩ + ⟨f ′(xk), h⟩

= ∆k∥f ′(xk)∥ − ∆k
⟨f ′(xk),f ′(xk)⟩

∥f ′(xk)∥ = 0,

which concludes that y⋆ ∈ Lk is the solution to (12.17). Note that

∥y⋆ − x⋆∥ = ∥h∥ = ∆k.

Corollary 12.3.1. ∆k is the distance from x⋆ to the hyperplane Lk.

Consider the localizing polyhedron:

Gk+1 =
{

y ∈ Rn : ⟨f ′(x0), x0 − y⟩ ≥ 0, . . . , ⟨f ′(xk), xk − y⟩ ≥ 0
}

.

By convexity x⋆ ∈ Gk+1. Note that ∆⋆
k is the minimal distance from x⋆ to one of the hyperplanes

defining the polyhedron. Hence, ∆⋆
k is the maximal radius of the Euclidan ball that is contained in

the localizer Gk+1:
∆⋆

k = max
{

r ≥ 0 : Br(x⋆) ⊂ Gk+1
}

and the subgradient method manages to ∆⋆
k → 0. Note that such quantity can be used to define

an approprite size(·) of a set (see previous lecture).

12.3.2 Convergence Rate with Functional Growth

Define the following quantity, called the growth of f at point x⋆:

ωf (r) := max
{

f(x) − f(x⋆) : ∥x − x⋆∥ ≤ r
}

.

Clearly, ωf (·) is a nondecreasing function of r.
We can relate our measure of optimality ∆k with the functional residual. By convexity, we

know that
∆k = ⟨f ′(xk),xk−x⋆⟩

∥f ′(xk)∥ ≥ f(xk)−f(x⋆)
∥f ′(xk)∥ .

6



Now we present a more advanced reasoning. Consider the perturbation, as we fixed before:

h := ∆k
∥f ′(xk)∥f ′(xk).

Then,
⟨f ′(xk), xk − x⋆⟩ = ⟨f ′(xk), xk − x⋆ − h⟩ + ⟨f ′(xk), h⟩

≥ f(xk) − f(x⋆ + h) + ∥f ′(xk)∥∆k

= f(xk) − f⋆ + (f⋆ − f(x⋆ + h)) + ∥f ′(xk)∥∆k.

Note that ⟨f ′(xk), xk − x⋆⟩ = ∥f ′(xk)∥∆k. Rearranging the terms, we obtain

f(xk) − f⋆ ≤ f(x⋆ + h) − f⋆.

This inequality has a clear geometric meaning: due to convexity, the function value at f(xk) is
better than that at f(x⋆ + h), as shown on Fig. 12.2. We established the following result.

Theorem 12.3.2. For the result of the subgradient method, it holds:

f(x̄K) − f⋆ ≤ ωf (∆⋆
K), and ∆⋆

K ≤ R
K1/2 . (12.18)

x

x∗

x∗ + h ∇f (x)

1
Figure 12.2: Point x⋆ + h is the projection of the unconstrained minimum x⋆ to the supporting
hyperplane defined by a subgradient at x.

12.3.3 Example: Lipschitz Functions

Proposition 12.3.3. Consider Lipschitz functions: f(x + h) − f(x) ≤ M∥h∥. Then, we have

ωf (r) ≤ Mr. (12.19)

Hence, we immediately recover the bound from the previous reasoning:

f(x̄K) − f⋆
(12.18)

≤ ωf

(
R

K1/2

) (12.19)
≤ MR

K1/2 . (12.20)

To obtain an ε-solution we need
[

MR
ε

]2
oracle calls.
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Let us consider the following objective:

f(x) = max
1≤i≤m

[
⟨ai, x⟩ − bi

]
.

Then
f(y) − f(x) = max

1≤i≤m

[
⟨ai, x⟩ − bi

]
− max

1≤j≤m

[
⟨aj , y⟩ − bj

]

= max
1≤i≤m

[
⟨ai, x⟩ − bi − max

1≤j≤m

[
⟨aj , y⟩ − bj

]]

≤ max
1≤i≤m

[
⟨ai, x − y⟩

]
≤ max

1≤i≤m
∥ai∥ · ∥x − y∥.

Hence, M = max
1≤i≤m

∥ai∥.
At every point x, a subgradient can be computed as f ′(x) := ai, where i it the active index.

12.3.4 Example: Smooth Functions

Proposition 12.3.4. Let f be differentiable and smooth. Then,
ωf (r) = max

{
f(x⋆ + h) − f(x⋆) : ∥h∥ ≤ r

}
≤ max

{
⟨∇f(x⋆), h⟩ + L

2 ∥h∥2 : ∥h∥ ≤ r
}

≤ ∥∇f(x⋆)∥r + L
2 r2.

(12.21)

Substituting this value into our bound, we get:

f(x̄K) − f⋆
(12.18)

≤ ωf

(
R

K1/2

) (12.21)
≤ ∥∇f(x⋆)∥R

K1/2 + Lr2

2K .

Hence, in case of smooth functions and small ∥∇f(x⋆)∥, our method automatically receives a
faster rate of convergence than that one from (12.20). For unconstrained minimization, ∇f(x⋆) = 0.

12.3.5 Example: Maximum of Smooth Functions

Let
f(x) = max

1≤i≤m

[
fi(x)

]
, (12.22)

where each fi(x) = 1
2⟨Aix, x⟩ − ⟨bi, x⟩ is a convex quadratic function, or, more generally, each fi is

convex and has the Lipschitz gradient with constant Li.
Then,

fi(x) ≤ fi(x⋆) + ⟨∇fi(x⋆), x − x⋆⟩ + Li
2 ∥x − x⋆∥2

≤ fi(x⋆) + ∥∇fi(x⋆)∥ · ∥x − x⋆∥ + Li
2 ∥x − x⋆∥2.

And we obtain that
ωf (r) ≤ max

1≤i≤m
∥∇fi(x⋆)∥ · r + max

1≤i≤m
Li · r2

2 . (12.23)

Corollary 12.3.5. It holds:

f(x̄K) − f⋆
(12.18)

≤ ωf

(
R

K1/2

) (12.23)
≤ max1≤i≤m ∥∇fi(x⋆)∥R

K1/2 + max1≤i≤m LiR
2

2K .

We see that exactly the same subgradient method with normalized steps will work on different
subclasses of non-smooth convex problems, even though the objective in (12.22) is not Lipschitz.
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