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13.1 Lower Complexity Bound
We proved the following result for the subgradient method minimizing convex Lipschitz functions:
f@r)-f < V& (13.1)

In the first part of the course, we saw that in the smooth convex case, it is possible to have
better rates (for the gradient method and for the accelerated fast gradient method). However, in
non-smooth convex optimization, it appears that the rate (13.1) is optimal.

13.1.1 Problem Class

To prove the lower bound, we restrict ourselves onto the following class of problems, which is
obviously a particular case of our situation.

o= mln{f(x) : HxHSR}, (13.2)

z€eR™

where f is convex and Lipschitz continuous:

fly)—flx) < Mlly—=z|,  Vaz,y.

The norm is the standard Euclidean, and M > 0 and R > 0 our two key complexity parameters.
We consider the class of all first-order optimization methods, starting from an arbitrary initial-
ization x1'. We associate an optimization method with a sequence of mappings:

A = (A, Ay . .)
that define the iteration process:
i1 = Ap(Of(21),...,0p(7r)), k=1,

where Of(z) := (f(x), f'(x)) for some arbitrary subgradient f'(x) € 9f(x). Therefore, each map-
ping Ag, k > 1 takes all first-order oracle information available up to the current moment and
return the next iterate. Without loss of generality, we assume that the result of the algorithm is
the last generated point: z g, where K > 1 is a fixed number of iterations.

1We start iterations from k > 1 in this lecture to keep our notation simpler.



13.1.2 Lower Bound

We prove the following theorem.

Theorem 13.1.1. Let M > 0 and R > 0 be fized. Then, for any first-order algorithm running for
K > 1 iterations, there exists a function f:R"™ — R with n > K such that

1. f is convexr and Lipschitz with constant M ;

2. For the output of the algorithm on this function, it holds:
flx) - > M

Proof. Let 6 > 0 be a fixed parameter (it can be arbitrarily small).
We use a resisting oracle that will choose a set of numbers (orientations):

515"'751( € {_171}7
and a permutation of coordinates:
t — o(t) € {1,2,...,n}.

These parameters will be built along the oracle calls from the given algorithm, which is an arbitrary
first-order method. We also denote by e; € R™, 1 < i < n the standard basis vectors.
We consider the following family of convex function, x € R™:

fu(z) = M'lrggtgk[éxea(i),@—(i—1)5]- (13.3)
Note that
<ea(i)ax> = x(o(z)) € R

is the ith coordinate of a vector after permuting the coordinates.
It is clear that every fi(-) is Lipschitz continuous with constant M.

1. Let us analyze its minimum. We have

[ 3 — . i . . — (7 —
fio= ”gﬁléank(x) = M ||£I‘1‘1§I1R1I£?§Xk{&<ea(z)’x> (i—1)0 }
< M'||gii§11mﬂ§1ia§xk§t<€a(i)7ﬂf> = M'”gﬁglngdgk<6a(i)7$> = —My,

where we noticed that, due to symmetry in the problem, the minimum is achieved when all first k
coordinates after the permutation are the same:

Po) = ge®) = o gl —

for some v > 0, while other coordinates are zero. The smallest value is achieved at the boundary
of the ball, ||z||> = kv = R?, and we find that v := %. Hence,

fi < SR (13.4)

2. Now, we present a resisting strategy for choosing & and o(k). We pick them adversarially
by following the following rules.



o At first step, the algorithm asks the oracle information at the initial point x1. Let us pick

o(1) € arg max |(e;, 1)]

In other words, o(1) is an index of a maximal entry (in absolute value) among coordinates
of z1. Then, we specify & € {—1,1} in a way that

£1<6o(1)7$1> = |<€0(1)7x1>|’
hence &1 = sign((e,(1),71)) = sign(xgg(l))). So

filz) = M- & - (es),)
is fully defined.

o For 1<k < K — 1, assume that we have built fi(z). Let ;11 be the point of the trajectory
of A at iteration k applied to fi(z):

i1 = AOg(@1),..., 05 ().

Note that it can be arbitrary as we cannot control what the method returns.

Let us choose as o(k 4 1) the index of a maximal element of x;,1 (in absolute value), except
o(1),...,0(k). Thus,

olk+1) € arg max l{ei, Tpt1)]s
1<i<n s.t. i€{o(1),...,0(k)}

and specify &1 € {—1,1} such that

Ser1leotkrr)s Thr1) = (€o(hr1), Tra1)l,

ie. &1 = sign((eo(pr1), Tht1)) = sign(x,&ﬁf“”). Thus we obtained the next fii1(z).

3. We need to verify the following important fact, which is the outcome of our resisting strategy:
for any s < k, functions fs(-) and fx(:) are informationally indistinguishable for any local oracle
at xg:

fs(x) = fi(z), Ve st |z —zs] <0 (13.5)

This implies that the first-order oracle information at x, is identical for both functions, as the
subdifferential is fully determined by function values in a neighbourhood of that point (for example,
via the directional derivatives). For our method, it means that all oracle information received in
the past remains consistent for subsequent functions in the “future”:

Ofs(‘rs) = Ofs+1(x3) = Ofs+2(m5) = . = Ofk(:ES)

so running the algorithm for s iterations on f; is the same as performing these iterations on f.
To prove (13.5), we note that

felw) = max{ fi(2), M- max [ &leoq, o) — (i-1)d] }. (13.6)

s<i<k



By the definition of fs(-), due to our choice of o(s) and &, we have

Es(eo(s), s) = &iles(i), vs),  Vi>s.
Hence,
fs(xs) > M- [ &ileguy,s) — (i—1)6 | + M-, Vi > s. (13.7)
Due to the Lipschitz continuity, from (13.7), it holds for all = such that ||z — z4|] < § that
fs(x) > M-[ &lesu),x) — (t—1)0 ], Vi > s. (13.8)

Applying this bound to (13.6) we conclude that (13.5) is true.

4. For the final function, we take ‘ f(z) = fr(x) ‘ Then, for the output xx of the algorithm as

applied to f, we have
flzr) = fx(zx) > M-[Exlesk), vx) — (K —1)J]
(13.9)
= M- (1285 (k- 18] > —(K - 1),
Note that since 6 > 0 can be arbitrarily small, we can have f(xg) =~ 0. At the same time,
bound (13.4) shows that the exact minimum is strictly below zero. We finally obtain the following
bound for the functional residual:
L (B934 MR
flex) = f > ME (K1) = M

MR N which completes the proof. ]

for a sufficiently small § < AE-1)VE

Remark 13.1.2. Note that the functions fx(-) from the construction of the lower bound are very
simple. Consider for simplicity M = 1 in (13.3). Then,
e For k=1, we have
filz) = {§1<eg(1)73;) } — 4gle),

e For k = 2, we have

fo(z) = max[&(eau),fv), 2(€s(2), T) —5}

= max[ +2@1) 402 5}.

The signs and permutations are chosen in an adversarial way.
Let us visualize these functions. As § > 0 can be arbitrarily small, we can set it to zero for our
visualization. Up to the permutation of coordinates, the first function is either

A@) = 2O o file) = —alV),

where x € R" lives in high-dimensional space. Their graphs for n = 2 are shown in Fig. 13.1.
At the second iterate, up to the permutation of coordinates, we have four possible functions
(see Fig. 13.2), depending on the selection of signs:

fo(x) = max[x(l),x@)], fo(x) = max[—:c(l),a:(z)]

fo(z) = max[—x(l),—x(z)], fao(z) = max[m(l),—x@)],

and so on. Each time, we manage to place the minimum x* at a significant distance from the query
point.



() 2(1)

Figure 13.1: Two possible functions, fi(z) = z() and fi(z) = —z), to be selected at the first
oracle call. The resisting strategy picks the function with the largest value at the requested point.

max[z1)| 2(?)] max[—z1), 2(?)] max[—z), —z(?)] max[zM), —z(?)]

e

z() \ z() z() (1)
Figure 13.2: The four candidate functions after the resisting strategy at the second oracle call.

Remark 13.1.3. It is possible to set d := 0 in the worst-case function construction. However, in
this case, the resisting oracle must be allowed to decide which subgradient to return when the query
point is at a point where multiple components of the function are active.

By selecting § > 0, we ensure the same worst-case behavior even if the algorithm has access to
the entire subdifferential Of(x) at each query point.

13.2 Complexity of Non-Smooth Convex Optimization

Let us conclude by discussing the complexity landscape of black-box convex optimization. Depend-
ing on the problem dimension n > 1, there are different regimes with its own “optimal methods”:

e n = 1: univariate minimization — binary search. While more practically efficient meth-
ods for univariate minimization exist, binary search remains optimal in terms of its oracle
complexity and its practical simplicity.

e n > 1: small dimension — cutting plane schemes, which are generalizations of the binary
search to higher dimensions. Allowing a method to perform k > n iterations, the optimal
complexity is

O(nlog M8),
first-order oracle calls, which is achieved by the center of gravity method. However, this
method is completely unpractical. The ellipsoid method, that we discussed previous lecture,

has slightly worse oracle complexity:

O(n?log ME), (13.10)

£



At the same time, the ellipsoid method is much more practical and it is possible to implement.
However, due to the arithmetic cost of each iteration of order O(n?) and rather conservative
steps, the ellipsoid method seems suitable for problems of range n ~ 10 — 20.

o n — oo: large-scale optimization — cheap gradient / subgradient methods. When k < n,
the complexity of the subgradient method,

o([Mr), (13.11)

£

is optimal, matching the lower bound that we have just proved. Note that in contrast to
cutting-plane schemes, the complexity bound (13.11) does not depend on the dimension?.
This makes it favorable for solving problems of huge dimensions, where no other methods can

work.

Comparing the complexity bounds (13.11) and (13.10), we see that the subgradiend method
is superior than the ellipsoid method (in terms of oracle complexity), at least when

n o> [ME]

Therefore,

1. The subgradient method is superior when the dimension is extremely large.

2. Conversely, when the target accuracy ¢ is very small (¢ — 0), the subgradient method
cannot be expected to solve the problem to such precision.

3. The dependence of large-scale first-order methods on & improves significantly when
the problem is smooth (e.g., the gradient method: O(1/¢), the fast gradient method:
O(1/€'/?)), or additionally strongly convex.

Another crucial aspect defining the success of subgradient-type methods is their low per-
iteration cost and resilience to noise. As we will see, the same analysis that we applied to the
subgradient method is directly applicable to stochastic methods, such as stochastic gradient
descent (SGD) and its adaptive variants.

Finally, note an unsatisfying gap in this picture: problems of moderate dimension 10 < n <
10%, which routinely appear in computational practice. In the final part of the course, we will
discuss interior-point methods (IPMs), that close this gap.

Interior-point methods require knowledge of the precise structure of the problem (such as linear
or quadratic programming). Thus, they cannot formally be categorized as black-box methods.
However, such structural knowledge is often available, and the IPMs remain extremely efficient for
solving moderate-size problems with high accuracy, while possessing polynomial-time complexity.

2 At least explicitly. As we will see, it may depend on the dimension n, through parameters M and R.
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