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17.1 Summary: Bregman Divergence

We consider the following optimization problem,

min f(x), (17.1)
where () C R™ is a convex set and f : Q — R is a convex function.
We denote by || - || an arbitrary general norm for the primal space R", and the corresponding
dual norm || - ||« for measuring the subgradients.

Our main complexity parameter is constant M > 0:
(@) < M, Ve € int @, Vf'(xz) € df(x).

We believe that using a non-Euclidean norm can be better to capture geometry of the problem.
To develop a subgradient method for an arbitrary norm, we introduce a distance function

d:int@Q — R

that measures distances between points in ). We will use this function as a regularizer in our
method. The main assumptions for this function is that it is

o simple — a regularizer should help us solving problem (17.1) rather than complicate the
problem;

o at least strictly convex; ideally strongly convexr with respect to our primal norm || - ||.

We denote the minimum of the distance function by

= ind
0 arg min (¥), (17.2)

the point from which we will start our method, a certain center of set Q. Thus, by default, d(y)
measures “how far a point y € int ) from the center zy”. To measure distances between any two
points x,y € int (), we introduce the Bregman divergence:

Balxsy) = d(y) —d(z) — (Vd(z),y — z).

Note that in general By(z;y) is not symmetric: SBq(z;y) # Ba(y; z). The property that d strictly
convex implies that

Ba(z;y) > 0, rF#Y.

Finally, in the previous lecture, we have justified the following useful lemma.



Lemma 17.1.1. Let g(y) := ¥ (y) +d(y), where both 1 and d are convex and differentiable, defined
on an open convez set Q. Consider x* := arg miél 9(y), assuming that it exists. Then, we have
ye

9(y) = g@)+Balztsy),  yeQ. (17.3)

This inequality looks similar to strong convexity, but it is not required. At the same time, in
our examples and analysis we will use that d is strongly convex :

Ba(ziy) > jllz—yl?  Va,yeintQ. (17.4)

17.2 Mirror Descent

The idea is to replace the squared Euclidean norm in the subgradient method by an arbitrary
Bregman divergence. We obtain the following algorithm, called mirror descent:

Tpp1 = argergin [n<f’(xk), Y — k) + Ba(wy; y)] (17.5)
Y

where 77 > 0 is a constant step-size, starting from xy defined by (17.2).
Assume for a moment that Q = R™ (unconstrained minimization). Then, the stationary condi-
tion of one mirror descent step gives

nf'(wr) + Vd(zgy1) — Vd(zg) = 0,
or, rearranging the terms,
Vd(zp1) = Vd(rg) —ngg, where g = f'(xx) € Of(ar).
This formula explains the name of the method.

Example 17.2.1. Let d(z) := §|z[3. Then, B4(z;y) = 3|ly — z||* and one step of the method is
the classic subgradient step with projection:

Tpy1 = WQ(xk - ﬁf’(iﬂk))

nooo .
Exercise 17.2.1. Let Q = A,, and d(x) = 2@ Inz® be the negative entropy. Then, one step
=1

of the method is as follows: '

_ - () 1y 4
Tp41 = arg mln{77<9ka y—ag)+ >y In ﬁ}
yeEA, i=1 Ty

It can be written explicitly as the multiplicative weight update:

G 2y exp(—ng}”)

T = oy - -
TS e nl?)

Note that we do not need to perform projection to the simplex as point x4 1 already belongs to it,
due to normalization.



17.2.1 Analysis

By our main Lemma, we have, for any y € Q:

Ba(xr;y) + gk, y — k) > Ba(xr; Try1) + 0(Gks Thp1 — k) + Ba(@r+15Y)

> %Hmk - $k+1H2 — gkl ze+1 — zxll + Ba(Trs1;y)
. 2

= rgg{% _77HQI<:H*t} + Ba(Tr+13Y)
2 2

= —% + Ba(zr+1;9)
2 2

> T4 (a1 y).

Therefore, for one step of the method, we have the following inequality:

2M2
o=+ Ba(zrs y) — Ba(zrs1;y) = n{gr, T — Y)-
Telescoping this inequality for the first & > 1 iterations, we obtain
k—1

2 2
nk -+ Y (gixi —y) < KTEE 4 Ba(wosy) — Balwriiiy)

=0

2 2
< k-5 4 Ba(xo;y).

Now, let us define

K-1

Gapi = maxg 2 (ginzi —y) (17.6)

and

D?:=2. maxyeq Ba(xo; y).

This is a “diameter” of the set () measure by our distance function.
We have proved the following bound for the new accuracy measure.

Theorem 17.2.2. For any n > 0:

D? M?
Gapy < 2777+ﬂ2_

By choosing | n := ML\/T( we obtain

We can compute the new accuracy measure (17.6) within iterations of our method, as it requires
the minimization of a linear function over the set (). This subproblem is easier that computing
one step of the method (17.5). Thus, (17.6) is the accuracy certificate that we can use to stop our
method:

Gapy < e,

at it serves us an upper bound for the functional residual.



17.3 Accuracy Certificates
How to relate Gapy to the functional residual?

¢ Convex Functions:

Gapg > f O (f@ian =) 2 & 5 [f@) - f]
> f(xk) - f*7
K-1
where g = % > oz
i=0

e Online Optimization: in online optimization, we have a stream of functions: a function
[r(z) at iteration k, and we observe the corresponding subgradient gy := f;.(x)). Note that
our analysis of mirror descent did not use anything about vectors gi, and thus the result of
Theorem 17.2.2 holds in this setting as well. In online optimization, the quantity Gapy is
usually called regret.

e Min-Max Structure. As in the previous lecture, consider the following min-max problem:

f* = min[f@) = maxF,u)],

where 2 C R™ is a bounded convex set, and F' is a continuous function, convex in x and
concave in u.

Denote u(x) := argmax F'(x,u). Then,
u€eS

flx) = F(z,u(z)),
fz) = Fi(zu(z)).

This is the primal problem. The corresponding adjoint / dual problem is

e = max[p() = minF(zu),
which can potentially be much harder (or easier) to solve than the primal one. We observe
that f* > o.
Then,
a LK LK
— 1 ) C_ — 1 F C_
api gleaé{ K zZ:O (f'(xi), xi —y) gleaé{ K zéj() (Fp(z,u(z)), z; — y)
K—1 | K=t
> maxd S [Floiu(@) — Fly,u(e)] = max & S [f(w:) — Fy,u(x:))]
yeQ 7 =0 ye 7 =0
> max[f(7x) - Fy, )| = f(3x) - elix),
yeq



where in the last inequality we used convexity of f and concavity of F' with respect to the
second argument (Jensen’s inequality), denoting the average primal point:

- | K=t
TK = F > T
i=0
and the average dual point:
K-1
U = % ‘Zo u(z;). (17.8)
1=

Hence, we can ensure convergence not only in terms of the primal residual, but in terms of
the dual residual as well:

(17.7)
>  Gapg > f(7k)— p(uk)

S8

(17.9)

=  f(zr)—f" + oe—plug) + f"—o¢..
——
>0 >0 >0

Note that our algorithm is initially designed to a primal problem only, but automatically
solves the dual problem as well, where the dual solution at each iteration can be computed
by formula (17.8).

It is remarkable that by setting K — oo in (17.9), we obtain an algorithmic proof of strong
duality for our min-max problem:

* = ¢«
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