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21.1 Barrier Approach for Constrained Minimization

We consider the convex optimization problem in the following form,
min{ (c,x) : 2€Q }, (21.1)

where (Q C R" is an open convex set, which, we assume to be bounded, for simplicity.

The idea of interior-point methods is to substitute constrained problem (21.1) by a sequence of
unconstrained minimization subproblems. For that, we introduce a “barrier” function F' defined on
dom F' = @), that prevents us from going outside the set. Then, we consider a family of objectives:

filx) = tle,z) + F(x), t>0. (21.2)
We denote the minimum of (21.2) by

xrf = arg min{ t{c,z) + F(x) }, (21.3)
zedom F

which is called the central path. The initial point of the central path,

x§ = argminF(x),
z€dom F
is called an analytic center of the set, and z} — x* with t — 400, where 2* € 9Q is a solution
to (21.1). Note that a solution to (21.1) is always at the boundary, while the central path belong
to the interior of our feasible set:

xy € Q, t>0.

The idea of interior-point methods is to trace the central path, by approximately solving (21.3) for
an increasing sequence of parameters t, starting from ¢ = 0.
Since

V2fi(x) = V2F(x),

we see that the second derivative of f; does not depend on t. It appears that the geometry induced
by V2F(z) is crucial for being able to solve (21.2) efficiently.

Note that even though the subproblem in (21.3) is formally still a constrained minimization,
with the right choice of the barrier F', we can use the plain Newton’s method to solve it. In fact,
after each change of t — tT =t + A in (21.2), we will use only one Newton’s step, ensuring that
every new point belongs to the local region of quadratic convergence around the central path. The
“right” choice of F' is described by the following formal definition of self-concordant barriers.



21.2 Self-Concordant Barriers

21.2.1 Definition

We say that a strictly convex differentiable function F' : Q — R is a self-concordant barrier for a
convex open set () with parameter 6 > 0 if the following three conditions are satisfied:

1. Q is the domain of F: for any sequence {xj}r>0 such that z; — 0Q it holds F(xj) — +o0.

2. Fis a standard self-concordant function (the constant of self-concordance is M = 2; otherwise
we can rescale the barrier):

D3F(z)[h,h,h] < 2||h|2 = 2(V2F(z)h,h)3/?, Vz € Q, h € R™. (21.4)

3. F is Lipschitz with respect to the local norm!:

|IDF(z)||? = (VF(x),V?F(z)"'VF(z)) < 0, VreqQ. (21.5)

The first two conditions are already familiar to us. In particular, they imply that with every
point z € Q, the entire Dikin’s ellipsoid belong to the domain (see Proposition 19.2.1 in Lecture 19
for the proof):

& = {yeR :ly-al.<1} C @

and one Newton’s step z +— 2+ =z — V2F(2)"!g, for some g € R”, remains in the ellipsoid, as

sSoon as
lot —al, = (g, VEF(2) g2 < 1. (21.6)

This explains why we can treat optimization subproblem (21.3) as unconstrained one: assuming
that g is sufficiently small (21.6) and using the Hessian of the barrier as a preconditioner ensures
the feasibility of all points without the need to perform any projections. If first-order methods are
used to solve (21.3), this property is lost. Note that computing the projection onto @ is harder
than solving the original linear minimization problem (21.1).

The third condition (21.5) of the definition is new. It enable the efficient tracing of the central
path (21.3). The main result of the interior-point method theory we aim to establish is the following:

Theorem 21.2.1. We can solve (21.1) to within accuracy € > 0, i.e., find a point T € @ such that
(c,d—x*) < ¢

using a total of

K = o(Vom?l). (21.7)
Newton steps.

Therefore, the barrier parameter 8 > 0 is crucial for describing the complexity of the prob-
lem (21.1).

'Recall that we use the dual norm to measure the size of the linear form DF(x)[-] = (VF(z),-). That is why the
Hessian in (21.5) is inverted, while in (21.4) we use the primal local norm.



21.2.2 Equivalent Conditions
The barrier condition (21.5) is equivalent to the following global inequality:
2(VF(z),u) — (V2F(z)u,u) < 6, Yu e R", x € Q. (21.8)

Indeed, (21.5) is the maximum of the left-hand-side of (21.8) over uw € R™. Furthermore, the
new condition (21.8) can be used as a definition in cases when V2F(z) has degenerate directions,
implying that F' is not strictly convex along them?.

Finally, substituting v := 7h for 7 > 0 and h € R™ in (21.8), and maximizing the left-hand-
side over 7 > 0, which corresponds to homogenization of the inequality, we obtain the following
equivalent global bound:

(21.8)

VF(z),h)?

@38{[ 27(VF(z),h) — 72(V2F (2)h, h) ] = Shdpls <6, (21.9)
where the maximum is achieved for 7* = %. The last condition is the most convenient for
checking the third barrier property. It can be rewritten as follows:

(VF(x),h)? < O(V2F(x)h,h), Vh eR", z € Q, (21.10)
or
V2F(z) = iVF(z)VF(z)'. (21.11)

Therefore, we can interpret the last barrier property as a certain form of “self-concordant strong
convexity” with parameter pge := %, while the self-concordant parameter Lg := 2 is a measure of
“smoothness”. Under this speculative interpretation, the complexity (21.7) resembles that of the
fast gradient method for smooth and strongly convex functions:

O( ﬁlnl)

Msc 3

even though the analysis of path-following schemes looks very different.

21.2.3 Examples

We have the following important examples of self-concordant barriers. We already know that these
functions are standard self-concordant. Therefore, we check only the new barrier condition (21.5).

Example 21.2.2. F(x) = —logz is self-concordant barrier for Rs( with . Indeed,
_ 1 _ 1
F/(Qf) = F//(l') = 2z
Hence, (21.5) is satisfied.
Example 21.2.3. F'(X) = —logdet(X) is self-concordant barrier for S?, with . We have,
DF(X)[H] = tr(X'H) = tx(S), for S:=X"12HX"12  and
D?*F(x)[H,H] = t(X'HX'H) = tr(S?).
Therefore, condition (21.10) implies that we need to check

tr(S)? = [iil)\i(S)]Q < 9[éxi(5)2} = tr(S?),

which is true for § = n due to the standard inequality between norms: || - [[1 < /|| - ||2.

2This might happen if Q contains a line: {x +7h : 7 € R} C Q for some = € Q and direction h € R". In this
case, self-concordance of F' implies V2F(y)h = 0 for all y € Q along this direction h. Assuming that Q does not
contain lines (e.g., it is bounded), we prevent this situation, ensuring V2F(y) > 0 for all y € Q.



21.2.4 Basic Operations

Let us look at some simple properties of the self-concordant barriers.

Proposition 21.2.4. Let F1, ..., Fy, be self-concordant barriers for Q1,...,Qm. Then,

=1
is self-concordant barrier for
Q = N Qi
1<i<m
with
m
0 = > 0
i=1

Proof. 1t follows immediately from the bound (21.8) and the fact that the maximum of a sum does
not exceed the sum of the maxima. O

Example 21.2.5. The logarithmic barrier for the positive orthant @ = R%, given as the sum of
barriers for rays (21.2.2),

F(z) = -3 logz®,
=1

is a self-concordant barrier with parameter .

Note that, similarly to the definition of self-concordant functions, the definition of self-concordant
barriers is affine-invariant (check it!), and thus the parameter of self-concordance 6 is preserved
under affine transformation:

Proposition 21.2.6. Let A(x) = Ax + b be an affine transformation, and let F : Q@ — R be a
self-concordant barrier for QQ with parameter Op. Then,

s a self-concordant barrier for the affine preimage of Q:

0 = {x : A(x)eQ},

with parameter .

Example 21.2.7. The logarithmic barrier for the polyhedron @ = {x e R* : (a,z) <
b, ..., {am,x) < bm}:

is a self-concordant barrier with parameter .



21.2.5 Key Property

It appears that the following property is central for the theory of interior-point methods. Functions
that satisfy (21.12) are called set-limited [Nes24].

Lemma 21.2.8. For any x,y € @), we have
(VF(z),y —x) < 0. (21.12)

Proof. Consider ¢(t) := (VF(x + t(y — x)),y — x), for t € [0,1]. Then, our goal is to show that
©(0) < 6. We have

¢ty = (VF@E+ty—)(y—a)y— )
(21.13)
> y{VF(@@+ily—2)y—2)° = got)?

Thus, ¢(t) is increasing with ¢. We can assume that ¢(0) > 0 (otherwise, (21.12) trivially holds).
Therefore, we conclude

1 1
1 11 df_ 1] _ pe@adt 1
do > dw e = [dle) = R = b
which completes the proof. O

Geometric interpretation of inequality (21.12) is that normalized gradient direction #VF(z)
belongs to the polar to @) at point x € Q:

. (21.12)
gVF(@x) €  Pyz) = {gER” : ({g,y—x) <1 VyGQ}.
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