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24.1 Main Inequalities for Cubic Newton Step

Let us consider one step x — ™ of the cubic Newton method as applied to f : R” — R, defined by

rt = argminQpg(z;y)
S

= agmin{ (V/(@).y =) + JV @)y~ )y~ o) + §ly— ] }

and satisfying the first-order optimality condition:
V(@) +Vif(z)(zt —2)+ ArBat —2) = 0, (24.1)

where r = ||zt — z| = (B(zt — z),2t — 2)/? and B = BT » 0 is the matrix that defines
the generalized Euclidean norm. In the non-degenerate case, the optimality condition (24.1) is
equivalent to the step written in the following classic form:

-1
ot = 22— (Vi) + 5'B) Vf(a).
We have the following main inequalities that involve 7:

1. By Lemma 23.2.1 from the previous lecture, for any H > 0, it holds:

V(D) < L2 (24.2)

2. By properties of the solution to the cubic subproblem, we know that:
V2f(z)+ 4B = 0. (24.3)
Using the Lipschitz continuity of the Hessian, we conclude that

Hr (24.3) 2
Irg """ _V2f(x) = —LrB.

Rearranging the terms, we get, for any H > 0:
ro > gippp(at), (24.4)

where pi(a%) = ~Auin(B~/2V2f (a7)B71/?).



Now, let us choose H > L, and substitute the optimality condition (24.1) into the global upper
bound on the objective function (see Lemma 23.1.1 in the previous lecture), which was the main
motivation for defining the cubic step:

f@h) < f@)+ (V@),at —a) + 5V (@)@t — o), 2t —a) + 4

WD ) - LV (@)t — ), at — ) — L 4 By
= f@) - H[Vf @) + L&B] @t~ x), 2" —x) — &
(24.3) "o

Therefore, we have established the progress in the function value:
Lemma 24.1.1. For any H > L, it holds:

f2) = f@t) > M3, (24.5)
Now, using that H > L, we have:
(24.2) 1/2 1/2
ro > (FZIVEED) T = (FIVEAEDIL)
and
(24.4) ) . ) .
r > _H+2LN('I ) = _ﬁu(x ).

Combining the progress (24.5) with these lower bounds on r, we obtain:
Theorem 24.1.2. Let H > L. Then,

f@) = fat) > max{ Gl VA, sdpuat)? ), (24.6)

24.2 Convergence to Second-Order Stationary Point

Consider iterations of the cubic Newton method, starting from some xy € R™:

Tppr = argminQp(zgy), k=0 (24.7)
S

where we fix the regularization parameter as H := L, for simplicity.
Then, for each iteration we have:

(24.6) 1 3/2 9 3
fr) = fae) > pen = max{ 5tV @) 22, sden(en)®}

Telescoping it for the first £ > 1 iterations:
k
—f* > — > k.1 . > k. min p;
f(xo) = f* = fl(wo) — f(zx) > 2 z‘glpl > 1I£z‘l£kp“

we ensure the decrease: minj<;<;p; = O(1/k).
Therefore, we obtain the following global convergence rates:

Theorem 24.2.1. For the iterations of the cubic Newton method (24.7), we have:
. 1201/2(f(w0)— )\ 2/®
, < (ZUEI=ST)
in [Vf (). < (BEUEER)

and

min p(z;) <

(34L2 . f(rvo)—f*)l/ 3
1<i<k - 2 k ’
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